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1 Eisagwg 

SÔmfwna me thn teleuta�a anadi�taxh th
 Ôlh
 th
 'Alge-

bra
 pou did�sketai sti
 dÔo pr¸te
 t�xei
 tou Luke�ou, oi

ènnoie
 th
 el�qisth
 kai th
 mègisth
 tim 
 sun�rthsh


ent�ssontai plèon sthn Ôlh th
 'Algebra
 B' t�xh
 Geni-

koÔ Luke�ou (par�grafo
 2.1, sel. 32-34, èkdosh 2012).

To de jewrhtikì upìbajro pou apaite�tai gia ton upolo-

gismì twn en lìgw tim¸n bas�zetai sti
 paragr�fou
 2.1

kai 2.2 tou bibl�ou th
 'Algebra
 A' t�xh
 GenikoÔ Lu-

ke�ou, oi opo�e
 anafèrontai sti
 pr�xei
, ti
 idiìthte
 kai

thn di�taxh twn pragmatik¸n arijm¸n.

Me apl� parade�gmata pou epilèxame gi' autì to Sh-

me�wma

1

, epiqeiroÔme na emplout�soume to perieqìmeno

th
 paragr�fou 2.1 tou bibl�ou 'Algebra
 B' t�xh
 Ge-

nikoÔ Luke�ou, akrib¸
 sto tm ma eke�no pou anafèretai

sto el�qisto kai mègisto sun�rthsh
. 'Eqoume th gn¸mh

ìti o dhmiourgikì
 di�logo
 pou ja anaptuqje� me ènau-

sma thn ep�lus  tou
 sthn t�xh ja sumb�llei ètsi, ¸ste

na anadeiqjoÔn kai na empedwjoÔn mejodologikè
 idèe


kai praktikè
 pou kalliergoÔn, anaptÔssoun kai belti¸-

noun th majhmatik  ikanìthta. 'Allwste, h ep�lush e-

nì
 majhmatikoÔ probl mato
 me th sumbol  stoiqeiwd¸n

gn¸sewn th
 sqolik 
 �lgebra
 - kai ìqi me isqur� jew-

r mata, gia par�deigma, tou diaforikoÔ logismoÔ - empe-

rièqei p�ntote mia idia�terh paideutik , all� kai didaktik 

ax�a.

2 Basikè
 proapaitoÔmene


gn¸sei


1. H mèjodo
 th
 sumpl rwsh
 tetrag¸nou.

2. Oi idiìthte
 twn anisot twn, kai eidik� h jemeli¸-

dh
 idiìthta: An α pragmatikì
 arijmì
, tìte isqÔ-

ei (x −α)2 ≥ 0 gia k�je x ∈ R, opìte to el�qi-

sto th
 sun�rthsh
 f (x) = (x − α)2 isoÔtai me 0

kai autì epitugq�netai sth jèsh x = α, kaj¸
 th

sqèsh (x − α)2 ≥ 0 mporoÔme na th doÔme kai w


f (x) ≥ 0 = f (α)

Tèlo
, s' autì to Shme�wma sumperil�bame kai dÔo endei-

ktik� parade�gmata prosdiorismoÔ mègisth
   el�qisth


tim 
 parast�sewn me perissìtere
 th
 mia
 metablhtè
.

3 Parade�gmata

Kat� thn diapragm�teush twn parak�tw paradeigm�-

twn sthn t�xh, o did�skwn e�nai skìpimo na epidi¸-

xei thn an�ptuxh suz thsh
 me tou
 majhtè
 tou è-

tsi, ¸ste na katano soun kai emped¸soun th diasÔnde-

sh twn apotelesm�twn th
 algebrik 
 epexegas�a
 me th

grafik  par�stash twn ant�stoiqwn sunart sewn. Oi

en lìgw grafikè
 parast�sei
 ja mporoÔsan na para-

qjoÔn kai diamèsou th
 on line diadiktuak 
 efarmog 


http://www.wolframalpha.com/

Par�deigma 1. Na bre�te thn el�qisth tim  th
 su-

n�rthsh


f (x) = x2 − 2x + 6 x ∈ R
Gia poia tim  tou x epitugq�netai h el�qisth tim  th


f (x)?
Lush. 'Eqoume

f (x) = x2 − 2x + 6 = x2 − 2 ⋅ 1 ⋅ x + 12 + 5 = (x − 1)2 + 5

kai kaj¸


(x − 1)2 ≥ 0⇔ (x − 1)2 + 5 ≥ 5⇔ f (x) ≥ 5 = f (1)

prokÔptei ìti h el�qisth tim  th
 f isoÔtai me 5 kai epi-

tugq�netai gia x = 1
Par�deigma 2. Na bre�te th mègisth tim  th
 sun�r-

thsh


f (x) = −x2 + 2x − 9 x ∈ R
Gia poia tim  tou x epitugq�netai h mègisth tim  th
 f (x)?

Lush.

f (x) = −x2 + 2x − 9 = − (x2 − 2x + 9) =

− [(x − 1)2 + 8] = −(x − 1)2 − 8
1
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 el�qisth
 kai th
 mègisth


tim 
 sun�rthsh
, sto pla�sio th
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kai kaj¸


−(x − 1)2 ≤ 0⇔ −(x − 1)2 − 8 ≤ −8⇔ f (x) ≤ −8 = f (1)

prokÔptei ìti h mègisth tim  th
 f isoÔtai me −8 kai epi-

tugq�netai gia x = 1
Par�deigma 3. Na bre�te th mègisth tim  th
 sun�r-

thsh


f (x) = 1

x2 − 2x + 9

kaj¸
 to x metab�lletai sto sÔnolo R. Gia poia tim  tou

x epitugq�netai h mègisth tim  th
 f (x)?
Lush. ProkÔptei

f (x) = 1

(x − 1)2 + 8
kai kaj¸


(x − 1)2 + 8 ≥ 8⇔ 1

(x − 1)2 + 8 ≤
1

8
⇔ f (x) ≤ 1

8
= f (1)

pa�rnoume ìti h mègisth tim  th
 f isoÔtai me

1
8 kai epi-

tugq�netai gia x = 1
Par�deigma 4. Na bre�te th mègisth tim  th
 sun�r-

thsh


f (x) = −2x2 + 12x x ∈ R
Gia poia tim  tou x epitugq�netai h mègisth tim  th


f (x); Lush.

f (x) = −2x2 + 12x = −2(x2 − 6x) =

−2(x2 − 2 ⋅ 3 ⋅ x + 32 − 32) =
= −2 [(x − 3)2 − 9] = −2(x − 3)2 + 18

kai kaj¸


−2(x − 3)2 + 18 ≤ 18⇔ f (x) ≤ 18 = f (3)

prokÔptei ìti h mègisth tim  th
 f isoÔtai me 18 kai epi-

tugq�netai gia x = 3.
Par�deigma 5. Na bre�te thn el�qisth tim  th


f (x) = ∣x2 + x + 4∣ − 5x + 6 x ∈ R

Gia poia tim  tou x epitugq�netai h el�qisth tim  th
 su-

n�rthsh
 f (x)?
Lush. Gia th diakr�nousa ∆ tou triwnÔmou x2 + x + 4

br�skoume ∆ = −15 < 0 kai kaj¸
 o suntelest 
 tou x2

e�nai jetikì
, ja isqÔei x2 + x + 4 > 0 gia k�je x ∈ R, kai
epomènw


∣x2 + x + 4∣ = x2 + x + 4

'Ara, gia k�je x ∈ R e�nai f (x) = x2 − 4x + 10. E�nai
f (x) = x2 − 4x + 10 = (x − 2)2 + 6

kai kaj¸


(x − 2)2 + 6 ≥ 6⇔ f (x) ≥ 6 = f (2)
prokÔptei ìti h el�qisth tim  th
 f isoÔtai me 6 kai epi-

tugq�netai gia x = 2
Par�deigma 6. Na bre�te thn el�qisth tim  th
 su-

n�rthsh


f (x) =
√
x2 − 10x + 31

kaj¸
 to x metab�lletai sto sÔnolo R. Gia poia tim  tou

x epitugq�netai h el�qisth tim  th
 f (x)?
Lush. 'Eqoume

f (x) =
√
x2 − 10x + 31 =

√
(x − 5)2 + 6

kai kaj¸


(x − 5)2 + 6 ≥ 6⇔
√
(x − 5)2 + 6 ≥ √6⇔
f (x) ≥ √6 = f (5)

prokÔptei ìti h el�qisth tim  th
 f isoÔtai me

√
6 kai

epitugq�netai gia x = 5
Par�deigma 7. Na bre�te thn el�qisth tim  th
 par�-

stash
 x2+y2−2x−4y+2, kaj¸
 ta x kai y metab�llontai

sto sÔnolo R Gia poio zeÔgo
 pragmatik¸n arijm¸n (x, y)
epitugq�netai h el�qisth tim  th
 parap�nw par�stash
?

Lush.

x2+y2−2x−4y+2 = x2−2⋅1⋅x+12+y2−2⋅2⋅y+22−1−4+2 =
= (x − 1)2 + (y − 2)2 − 3

kai kaj¸


(x − 1)2 ≥ 0
kai

(y − 2)2 ≥ 0
pa�rnoume

(x − 1)2 + (y − 2)2 − 3 ≥ −3
opìte h el�qisth tim  th
 par�stash


x2 + y2 − 2x − 4y + 2

isoÔtai me −3 kai epitugq�netai gia (x, y) = (1,2).
Par�deigma 8. Na bre�te thn el�qisth tim  th
 par�-

stash
 x2+y2+4x−6y+21, kaj¸
 ta x kai y metab�llontai

sto sÔnolo R Gia poio zeÔgo
 pragmatik¸n arijm¸n (x, y)
epitugq�netai h el�qisth tim  th
 parap�nw par�stash
?
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Lush. E�nai

x2 + y2 + 4x − 6y + 21 =
(x + 2)2 + (y − 3)2 + 8

kai entel¸
 an�loga br�skoume ìti h el�qisth tim  th


par�stash


x2 + y2 + 4x − 6y + 21

isoÔtai me 8 kai epitugq�netai gia (x, y) = (−2,3)
Par�deigma 9. Na bre�te thn el�qisth tim  th
 par�-

stash


x2 + 8x + 16

x2 + 8x + 20
x ∈ R

Gia poia tim  tou x epitugq�netai h el�qisth tim  th
 pa-

r�stash
?

Lush. 'Eqoume

x2 + 8x + 16

x2 + 8x + 20
= (x

2
+ 8x + 20) − 4
x2 + 8x + 20

= 1 − 4

(x + 4)2 + 4 (1)

Apì thn (1) prokÔptei ìti to kl�sma

x2 + 8x + 16

x2 + 8x + 20

elaqistopoie�tai ìtan to kl�sma

4

(x + 4)2 + 4
pa�rnei th mègisth tim  tou. Br�skoume ìti h mègisth tim 

tou kl�smato


4

(x + 4)2 + 4
isoÔtai me 1 kai autì epitugq�netai gia x = −4 Telik�

prokÔptei ìti h el�qisth tim  tou kl�smato


x2 + 8x + 16

x2 + 8x + 20

isoÔtai me 1 − 4
4 = 0 kai epitugq�netai gia x = −4.

Par�deigma 10. Na bre�te th mègisth tim  th
 par�-

stash


3x2 − 6x + 19

x2 − 2x + 5
x ∈ R

Gia poia tim  tou x epitugq�netai h mègisth tim  th
 pa-

r�stash
?

Lush. E�nai:

3x2−6x+19
x
2−2x+5 =

3(x2−2x+5)+4
x
2−2x+5 =

3 + 4
x
2−2x+5 = 3 + 4

(x−1)2+4

(2)

Apì thn (2) prokÔptei ìti to kl�sma

3x2 − 6x + 19

x2 − 2x + 5

megistopoie�tai ìtan to kl�sma

4

(x − 1)2 + 4
pa�rnei th mègisth tim  tou.

Me diadikas�e
 an�loge
 pro
 autè
 pou qrhsimopoi -

same sto 3o par�deigma br�skoume ìti h mègisth tim  tou

kl�smato


4

(x − 1)2 + 4
isoÔtai me

4
4 = 1 kai autì epitugq�netai gia x = 1.

Apì to teleuta�o apotèlesma kai lìgw th
 (2) èqoume

ìti h mègisth tim  tou kl�smato


3x2 − 6x + 19

x2 − 2x + 5

isoÔtai me 3 + 4
4 = 4 kai epitugq�netai gia x = 1.

Par�deigma 11. Na bre�te thn el�qisth tim  th
 pa-

r�stash


x2 + 6x + 8

x2 + 6x + 10
x ∈ R

Gia poia tim  tou x epitugq�netai h el�qisth tim  th
 pa-

r�stash
?

Par�deigma 12. Na bre�te th mègisth tim  th
 par�-

stash


2x2 − 8x + 17

x2 − 4x + 7
x ∈ R

Gia poia tim  tou x epitugq�netai h mègisth tim  th
 pa-

r�stash
?
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