Apywr) Yuvdptnon - Adetoto OloxArpwua.
Mrdunng Xtepyiou

Mepirndmn

Jtc ypouués mou axohoudolv €yel yivel wi-
o TEOOTAUEL VO TUPOUCLACTOVY OPLOPEVD O-
TOLYELWON A6 TOV OAOXANPWTIXO AOYLOUS ToL Vol
Bondnioouv otnv xahdTepn xoTavonon TS EVvolag
TNG AEYIXNE %Ol TOU 0dPLOTOU OAOXANEOUITOC. O
Blatunwdoly oplopévee avayxaiee cuVIxES WOTE
Vo €Yl gl cLVEETNON Y. Ocwpolue K
TOL CLUUTERAOUATO TTOU axOAOUTOUV Unopoly Xdh-
ALOTOL VoL AMOTEAEGOUY ONUAVTIXG EQPODLAL VLol TOV
xadnynTy, dote vo umopel var avTigeTwnicet 1 va
egnyroel atoug padntés tou TuydY Vewenuixd 1
UTIOAOYLOTIXG TTROBAAUTA UE HEYUADTERY EUYEQELDL
xai qutonenolinon.

Evuyopiotieg

Euyoptotd tov xoho6 @iho xat cuvddeipo Ayik-
A€ol BUVEQPUXOTOVAO YLl TIC TOMDTIUES ToEATNEY-
GELC X0l TIC CUUTANEWOELS TIOU €XAVE 6TO S0GXOAO
xou enimovo auTtd xEUEVO.

Apywxn ocuvvdeptnom
1 H €vvoia tng apyxnisc B tapdyovoog

A éva didotnuo xor f o cuvdpeTNon OploUEVT o-
A. Ou Mpe 6t 1 ouvdptnon Foelvon wa apyed (4
pdyovoa 1 avtinapdywyoc) e f oto A, av xar pévo
n F eivar nopayoyiown oto didotnua A xou toylet:
() = f(x), yio x&de z € A

XOAIO 1 Efvon avopevouyevo 6Tt umdpyouv GuVIRTH-
Ic mou dev €youv opyxh. AANG avtd to Yépo Vo To
alUoovpe mo Biegodxd oTn CLVEYEIL X XUplw OTN-
apdypapo mou avagpépetal otny Wiotnta Darboux pag
VOO TNOTG.

‘Eva Baowd xputfpro yi v Omopdn apyixis W
VIETNOTS BLUTUTOVETOL GTNY ETOUEVT] TPOTAUON:

EQPHMA 1 KdOe ouvvexns ouwvdptnon f o€ éva
agtnua éxer apyikn A

©0et
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Mo tétola ouvdptnomn eibvar yio Topddelypo xor 1 eENC:
F(z) = [T f(t)dt, 6mov z € A xou a € A elvon onotodh-
note otadepd. H ouvéyeia howndv piog ouvdptnong f oe
éva SudoTnpo elvor o TohD toyupr) ouvidixn, 1 ¢ omola
eCaopalilel xou TNy Omapln apyxnc.

XXOAIO 2 To avtiotpogo 10U TaPATAVE VEWPHUATOS
dev toyVel. Ou QTIAZoUPE Wiar TETOLL GUVAPTNOY: ZEXIVAUE
Y10 TUEABELY oL UE T GUVHPTNON:

F(a:)z{

H napdywyoc g F' elvon 1 ouvdptnon:

ePnpy e € (0, 1]
0,z=0

B 2x77,u%—aw/%,xe(0,1]
f(x)‘{ 0 ,z=0

H ouvdptnon

2enut ,z € (0,1
9(93)={ g’“ mio]

elvon dpwg ouveYhc, OTOTE 1 GUVETNOT

O'Ul/% ,z e (0,1]

6@)=ate) - 1) -{ T,

éxer apywr| oto [0,1], dibtt 1600 1 g 660 xau ) f éyouy
apytxf (apol 1 Sebtepn Exet apyxh tny F'). H ouvdptnon
Aoy g €yer apyixt|, ywelc va elvor cuveyrc.

Ac unovécoupe Twpa OTL wa cuvdpTnoT f EyEL oYXy TNV
F o7o dwdotnpa A. Ebvar dpaye auth 1 apyixh cuvdptnon
F povadun 1) urdpyouv xar dAkes: Mnopolue agéons va
TORUTNENICOVYUE OTL:

(F(z)+c) = F'(z)+c' = f(x)

yioo xde mparypotixh otoadepd ¢, onote 1 cuvdptnon F + ¢
ebvor xou auth wat apyxd g f. Fevixd, v andvinon o-
TO TOPUTAVG EPOTNUO Ko TN Bivel wa omovdala TpdTaoT
mou mnydlet and to Ocdpnua Méang Tiurg Tou dlapoptxod
Aoytopol xat SLUTUTOVETAL WS EENC:

®OEQPHMA 2 Ay F,G ovo  apyikés  uag
owvvdptnong [ o€ éva didotnua A , tote o1 apy1kéS auTéS
dapépovr kard uia otadepd. Vmdpyer 6nkadn ¢ € R
térolo, ote: G(x) = F(x) + ¢, ya kdde x € A m

Z
€val

Enopévwe, av o ouvdptnor €yl apyixr o€ €va dlaoTnua
A, t6TE €yEl Anelpeg apyIXES XAl LIAMOTA AUTES Blapépouy
xatd pio otadepd c. Ilpdxerton dAAwoTe yia Vedpnua Tou
anodetxvieTal ota oy ohixd godnpatixd e I Auxelou tng
Veting xar teyvohoyixhc xatehiuvong.



OEQPHMA 3 FEotww f,g 6vo ovvaptioes nov éxovr ap-
k1 oto idotnua , Tote:

a) H ovvdptnon f + g éxe apyikrj oo A

B) H ouvdptnon f — g éxer apxikn oto idotnua A

y) H ouwvdptnon Af éxer apxikn oto A ya kdle mpay-
patikn) otadepd A+ 0 m

ITorPIsMA 1 Av novvdptnon f éxer apyixn oto A kain
ouvdptnon g O0ev éxel apyikn oto A | Téte o1 ovvapTHoeg

f+g, f—g bev égovr apyixi) oo A m

I mapdderypo, 1 cuvdpeTnom

1
_ nus,xz#*0
f(=) { 1, z=0

dev Eyel apyxr SLoTL:

1
) ops,x#0 0,2+ 0
f@)‘{ 0, =0 +{1,:1;:0
ExeL apyLnh dev Exel apytnh

xou €10l TO CUUTEPAOUN TPOXUTTEL Amd EQAPUOYYH TOU
noplopatoc.  H mpwtn ouvdptnon éyer apyixr, apol
amotelel YEVIXA VA YopuxXTNEIOTIXG  TUEAdELYHo  Un
ouveyolUe ouvdptnome nou éyel apyixh (BAéne mo xdtw
v npétacy 1). To yeyovée 6t 1 debtepn ouvdptnon
dev €yl apyixy elval CUVETELX TOU OTL 1) CLVAPTNOT AUTH
dev €yer Ty o16tnTar Darboux, tnv omola Yo yelethiooupe
01e€00IXd TAUPAXIT.

E®APMOTH 1 Na arodeylel 6Tt n ovvdpTnon:

Ny

—,x%0

f(x):{ -1, =0

dev éxer apyikn.

ArsH H ouvdptnon f dev €yet apyixn, Stott

PE 0
= T
{ 1, =0 +{

H npdtn ouvdptnon tou adpoiopatog autold €yel op-
Yxn, ©g GLUVEYTNS, EVG 1) BedTERN BeV €xel, apol Bev €yel
Vv 18otnTa Darboux. Apa, olugpwva ue 10 ndploud, xat
1 ouvdptnom f Bev €yel apyixy.

BT "+ 0
X
-1, z=0

0,z+0
-2,2=0

f@)={

E®APMOTH 2 Na arodeylel 6r n ovvdptnon

21
cvv =,z + 0
f@ﬂ—{ 0, 2=0

dev éxer apyikn.

ArsH Tapatnpodye otu:

JUI/Ql,.%'io
x
0, =0

,x# 0
:{ 0, =0
Y10 dlpolopa auTo, N TEMTY CLVAETNOY OEV EYEL dp-
xuer, eved 1 8ebtepn Eyel apyix). Apan f dev €yel apyinn,
6nwe emtdooel to nopiopa. Ti unopel dpwe vo ovpPaivel
UE TO YIVOUEVO BU0 GUVIPTACEWY TTOL £Y0LV apy XY Gt Eva
didotnuo A+ Edw n arndvtnon dev eivon 1 avayevouevn. To
YIVOUEVO TV D00 QUTWY GLUVAPTHOEWY Unopel va Eyel ahhd
UTOpEL o VoL Unv €yel apy L.

f@)={

_ %(1+avu%),x¢0 _
0, z=0

N

UUV%,.’IJ#O
0, =0

N[

E®APMOTH 3 Av Vo ouvvaptrjoeg éxovr apyikn, tote
T0 YIVOUEVO TOUS Oev éyel UToxpewTikd apyik).

ArsH Av
1
ocvv=,x#+ 0
= x?
/(@) { 0, 2=0
%o
(z) = JUV%,.’IJ# 0
g\r) = 0, =0
TOTE

21
ovv s, x# 0

)t =

1 onola VLYWV UE TNV TEONYOUUEVY EQUPUOYY) BEV EYEL
apywt). 261600, ol cuvapthoelc f, g €youv apyixy.

Optopéva  yprowa  Uewpntixd  CUUTEPACUATY
BLOUTUTWVOVTOL OTOL TAUPAXATL VEWPRUATAL:

OEQPHMA 4 Eotw f,g 6vo ouvaptijoes opiopéves oe
éva idotnua A. Av n f éxe apyikn kai n g éxer avvexn
tapdywyo ato A, téte n ovvdptnon f- g éxer apyikn oo
u

OEQPHMA 5 a) Av a ovvdptnon [ éxe apxikni oto
oidotnua A kai dev pundeviletar o€ avto evad n ovvdpTnon
g €lvar ovvexns oto A, tote o ywouevo f-g twv ovvaptn-
gewr autdy éyel apyikn oto A.

B) Av wa ovvdptnon f éyer apxikn oto didotnua A xar
elvar gpaypévn evad n ovvdptnon g eivar ovvexng oto A,
TdTe To Yvouevo f-g twy ouraptioewy avtwy éyel apyikn
oto A.

y) Av 600 ouvaptijoeis éxouvr apyikny kar opiletar n oUv-
Oeon tovg, tote n ovvdeon tovg dev elvar arapaitnto va
éxer apyikn.

ITAPAAEITMA 1 Qc¢ napdBerypa yio v npdtaon 5 y)
avagpépouye 6L, oL cuvapthoelc f(x) = 22 xa

gu>={

UUV%,IE:#O
0,z=0



€y ouv apyxn, eV 1 cOVUEST) TOUg

le/2l, z %0
e -{ "
dev éyer apyxt) (Bhéne epopuoyt| 2 oto ndpiopa tou Yew-
pfuartoc 3).

Loybel duwe o enduevo Vedpnua, tou eZacalilet xavég
ouvinixeg, Gote 1 obviean va Eyel apyLxn.

OEQPHMA 6 Av n owdptnon f : R - R éya ap-
XK €ved n ovvdptnon g éxel ovvexn 0eUTepn mapdywyo
oto Sudotnua A pe ¢'(z) # 0 ya kdde © € A, téte n
ouvvdptnon f o g éxer apyikn oto A.

ANOAEIEH ‘Ectw F' o apyixd e f. H ouvdptnon Fog
elvon mapaywylown oto A, ue

(Fog)'(x) = F'(9(x))-g'(x) = f(9(x))-g'(x) = (fog) (%)) (x)
Enopévee nalpvouye:

1

gl(x) -(Fog) (.%')

(feg)(@)) =

Enedf howndv n (F o g) €yer opyixh xou 1 ﬁ Eyel
OLVEYY TUPAYWYO, and TO VEWEMUA 5 TEOXVUTTEL OTL XAl
1 ouvdptnom fog éyet apyx i oto A m

YXOAI0 3 H mpdtaom dev oy el ywplg VoL Ixavomololy-
T 6heg ot ouvidiixec. Tia mopdderypa, av f(x) = 22 xau

1
— =0
g(x): { ,r”éxq,' =0
TOTE 1) CLVAPTNON,
21
=0
(fog): { nlu&)mm =0

dev Eyel apy L.

OEQPHMA 7 FEotw f,g 6vo ouvaptioes opiouéves de
éva Brdotnua Tou 1kavoTooly TS tapakdtw ouvinkes: a)
H ouvdptnon f éxer apxixiy ovo, B) H ovvdptnon g oi-
apéper ané Ty [ ota onuela €vos rtenepacuévou ovvoAov
A, onkadn f(x) # g(x), z € A | evd etvar fon pe y f
ota vrndroima onueia, oniadn f(z) = g(z), v e A-A .
Tére n ovvdptnon g Oev éyer apyikry oto A |

H napandve mpdtaoy eivoar mohd yerowrn oTic e@op-
woyvég, dnhadr amotehel €va omoudaio epyuleio Yo vo
anodei&ouvpe OTL wa cLVAPTNOY BEV EYEL oY LN,

1.2 Apywxn xouw un ocuveyelc cuvopTtRoelg

Aol bhec ol ouVEYEIC OE BLACTNUA CUVAPTHOELS €Y 0LV Op-
xwer), Vo e€etdoouye Tt oLYPAIVEL OTIC TEQITTWOELS TOU Wiol
ouvdptnom f dev ebvar ouveyric. Eneidn pia cuvdptnon mou
dev elvon ouvey g oe éva onueio propel va €yet, avdhoya pe
NV TEPINTWOT), BLUPOPETIXY oLUTEPLPOEd, Vo TpooTol -
ooupE Vo XahOPOUUE BLAPOPES TEPITTWOELS, TOU ECUOTAOV-
Tow an6 To eldOg TNC ACLVEYELOC.

IIgbtaon 1 Yrdpyovr un ouvvexels ovrvaptioer, opio-
Héves o€ drdotnua Tov éxovy apyiki).

ITAPAAEITMA 2 M tétola ouvdptnon elvon xa 1 €€

1
_ ) onug %0
/(@) { 0, 2=0
H ouvdptnomn auty 8ev elvar cuveyhc, woTO00 el apyLx.
Mpaypatixd, etvar f(z) = g(x) + h(z), 6mou

o(a) - { e

+ 2$O‘UZ/l,
x

0, =0

x+0

Xl )
—2zovvy,x # 0

() :{ 0, =0
ANNG 1 h g ouveyric Exet apyixh xaL 1 g €YEL dpyIXT

™y

2 1
zéovv=,x £ 0
G(x):{ 0, 2=0

"Apa xou 1 ouvdptnon f(z) = g(z) + h(x) éyer apyxd.

1.3 Xyoha

YXXOAIO 4 H ouvdptnon

g(x) = {

/’ /7 /7 /’ ’ /7 7
yet eniong apyr|. H anddeiln elvan (dio pe v mopandve,
oLoTL

JUV%,.%’#O
0, =0

1 1 1
ovv— = 2anpu— — (z*np—)’
xT T xT

xo 1 GLVEETNOM

elvon ouveyTc.

YXOAIO 5 Ot cuvoptioelc

g e %0
f(.’L')—{ 0,.%':0 704#0
A
ovve  xz +0
= x
o0 = { T ek

€youv opyxr. H anddelln elvon (Sio ye avthyv tou ma-
padelypatoc.



IIpbtaon 2 Yrdpyovr ovvaptioes mou Odev elvai

OUVEXELS Kal Oev éxouy apyiKT).

Trdpyer BéPona ameipla cuvVapTACE®Y TOL Bev elvon
ouveyelc xar dev €youv apyxr). Mo tétola ouvdptnom
elvon xou 1 emdpevn:

f(x) = { _12”;;(?

To yeyovog 6Tl 1 ouvdptnon autr Bev Eyet apyixt|, eivon
epupavég 6Tov dadnuatixd, oyt 6ums xat 0to yadnth. Autod
T0 YEYOVOS €YEL VoL xdvel Ue Ty wiotnta Darboux xou eivon
©OEA VoL TERACOLYE To BLeE0dIXd O aUTH TNV Evvold.

1.4 To Yewpnuo Darboux xou n Umopdn
ARYLXNS

OPI=MO= 1 Oa Aéue 6m e owvvdptnon [ mov elvar

opouérn o€ éva didotnua A éxer Tnridietnte Darboux, av

yia kdOe oo, B € A pe o < 8 kar ya kde y avdpeoa oa
fla),f(B) , vrdpyer 6 € (a, B) térow, dote f(J) = 7.

Or otadepéc ouvapthoeig €youv dheg v iotnTar Dar-
boux, 8ot ixavonoteiton Tpopavde (and TunixAc - Aoyixhc
TAEUPAS) O TAPATEVE OPLEUOS.

IMpétaon 3 (Baowki)) Av e owvvdptnon f evar
ourexns oto Gidotnua A , tote n ovvdpTnon avtny éyet
v 1016tnTa Darbouzr oto didotnua A m

To avtiotpogo Bev oyler mavta.  Yrdpyouvv Bniady
ouvapthoelc mou €youv TNy WiotNTa Darboux, aAAd
dev elvar ouveyelc. 31N ouvéyela avapépOuUe Oployé-
vor JEUENOD) CUUTEPGOUTY, TO TPOTO and To omoia
OLUTUTOVETAUL GTO TAUPAXATL VEDETUAL.

OEQPHMA 8 Mia ovvdptnon f éyel o€ éva srdotnua A
v 1616tnta Darboux av ka1 péro, av to avvolo f(I) elvar
oidotnua, ya kdle vrodidotnua I tov A m

Eb6 va onpeidoovpe 6Tt aTny EXTAOT QUTHS TOU XELUE-
vou, T povooUvola To YewpolUE ot g OlaoTRUAT,
TPOXEWEVOL VO ATOPUYOVUE TO BLUYWPLOUO TEQITTWOEWY.
Ioybouv eniong ta e&hc Vewpruarta:

OEQPHMA 9 Ay e ovvdptnon f éyer tnv 1016tnta
Darboux oto didotnua A kai b€ undevidetar oo didoTnua
avto, tote avtn) Owtnpel atalepé mpoonuo oto A . Avto
onuatver 6t 1j f(z) > 0 ya kdle x € A i f(x) < 0 ya
kdle v e A .

OEQPHMA 10 Av jua ovvdptnon f éxe tnv iidtnra
Darbouz ovo idotnua A kai eivar 1 — 1 | tote elvar yvnoi-
w§ povdtovn oto didoTnua A .

1.5 Ilpotdoeiwg Twovu

Yewpnua Darboux

Baociloviow oTo

Ac époupe Twpa va dovue Tt oyéon €yel 1 Orapln opy XS
we to Yewpnua Darboux. I'ia v amavticouye 10 €pmTh-
wor autd, Yo avagépouue To €€hc omoudaio Yedpnua Tou
APOPA TNV TUPAYWYO WIAS CUVAPTNONC:

®EQPHMA 11 (Darbouz) Av e ovvdptnon [ evar
Tapaywyioiun oe éva Sidotnua, Téte n Tapdywyos tng éyel
Ty 1016tnTa Darbouzr oto didotnua avté A

Yougpwva howdy pe 1o Yedpnua tou Darboux n nopdy-
WYOS WIS oLVAPTNONS Elval ULol LBLOROP®Y CLUVAETNOT, TO
mholola oploPéves Qopéc and tny (Bl T cuvdptnoy. BAé-
ToLUE OMAAdY OTL av 1 TUPAYWYOS Wil CUVARTNOTS OPLo-
wévn oe drdotnua taipvel S0 Tiuég, ToTE Talpvel xat OAEC
Tic evdidpeoes. ToviCouue 6TL avapepduaoTe TEVTAL GE Ol
aothpata. ECalpeon anotehel umg o YEYOVOS OTL EVE 1)
ouvdptnon f , wg napaywylown ivon cuveyhc, N ToEdyw-
YOg ouVEpTNoT Bev elvan LTOYPEWTIXA cuveyhc. [evixdtep-
o Loy Vel 1 e€ig mpodTooT:

IIebtaon 4 Mia ouvdptnon uropel va éyer Tny 1616tn-
ta Darbouzr o€ éva didotnua, xwpiS va elvar ovvexng oo
oidotnua W

2.4 BEow 6t n ouvdptnon f €xer apywn v F o-
T0 Sotnua, Agold 1 f elvon 1 nopdywyog g F, dnhadt
[ = F" xunF' éye ty Biétnta Darboux, cuunepoi-
voupe OtL xau m f €yet v Wiotnta Darboux. Tlpoxdntet
Aoy 1 &g mpdTaoT):

OEQPHMA 12 Av jia ovvdptnon f dev éyer tnv 1616tn-
ta Darbouz o€ éva hidotnua A, téte n f dev éyer apyikn
oto didotnua avto m

IMo mapdderypo n ouvdpTno

1, z+0
xTr) =
f(@) { 0,z=0
dev €yl apywxr], dioTL dev €yet Ty WioTTa Darboux, wi-
o xou To 6Ovolo TGV g elvar ohvoho ue dlo otoryela,

dnhadh to f(R) ={0,1} xou oyt drdotnuo.

IToPIEMA 2 Av ya jua ovvdptnon f rov eivai opiopév-
n oe éva idotnua A to f(A) dev elvar hidoTnua, téte n
ouvvdptnon f dev éxel apxikn oto A m

Enopévwe, av ye wo patid Stamotdoouvpe 6Tl 1 edva
f(A) tou A Bev eivar didotnua, t6te pe BePardtnta MNue
6TL 1 ouvdpTnon f Bev Eyel apy ).



1.6 Mepwxd Xpropno Xy oAio

YXOAIO 6 Tndpyouv cuVIPTAHCELS TOL EYOUV TNV LBLOTY-
to Darboux, ahhd dev €youv apyixr. M tétol
ouvdptnom eivon 1 €A

1
_ ) nug,x#0
=

To yeyovog 6t 1) ouvdpTtnon auty dev Eyel apyixt, 10
anodeilaye 6T0 ToHPLoPA Tou Yewphpatog 3. Enopévec:

H 5i6tnta Darboux arotedel avayxaia ocuvidixny yia va
Exel uor oUVIETNON Aoy, OEY ATOTEAE! OUWS XAt XAV
ouvliixn yia va Eyel n cuvdpTnon auTY apyixr) A

Me dhha hoyia, 1 1ot6tnta Darboux anotekel avoryxaio oh-
A& Oyt ixav ouVOTXN Yo Vo EYEL Wiol CUVAPTNOY AEYIXN.
Trdpyouv ETOUEVWS GUVIPTHOEIC TOL EYOLY TNV LBIOTNTA
Darboux, aAAd dev €youv apyix. Kdlde duwe ouvdptnon
Tou €yet apyxt, €yl xou TV 16Tt Darboux.

YXOAIO 7 Eve 10 dlpotopa 800 cuVOpTHOE®Y ToU €-
oLV apyixh €yel emiong opywxh, N WBOTATA AUTY Oev
UETOUPEPETOL XUl OE GUVOPTHOEIC TOU EYOUY TNV LBLOTNTA
Darboux. Etot:

Av 600 ouvaptijoeic f,g éyovv v 1bi6tnTa Darboux
oto dwotnua A, to dipoioua f + g xou n Sloapopd f— g
dev €youvy unoypewTixd TNy 1016T)Ta Darboux. m

[ mapdderyyar, yioo TIc CUVAPTAHOELS:

sin%,xiO

f(2) {

0,z=0
xoll
(z) = —sin%,x;t 0
g - 1,2=0
elvaut

0,z+0

o ={ 170

1 omola wg YVWOTOY dev €yet TNy WtoTnTar Darboux.

YXOAIO 8 Av uia ouvdptnon f €yet v wiotnta Dar-
boux, téte xou 1 ouvdptnoy f +k éyel v w6t Dar-
boux, yia xde mporypatixy otadepd k.

YXOAIO 9 Av pia cuvdptnon f €yet v wiotnta Dar-
boux, téte xar 1 suvdptnon A f €yet Ty WLéTHTa Darboux,
yio xdde mparypotixr) otadepd A # 0. Lnueiwvouye eniong
ot

o Av 1 f elvou cuveync xou 1 g €xer v wdTnTa Dar-
boux, t6te 1 cuvdptnom f + g dev €yel anopoultnT
™V wi6tTa Darboux.

e Av 1 ouvdptnom h elvon cuveyhc xar 1 cUVAETNOT
ho f éyer tnv iBt6TTar Darboux yua xde ouvdptnom
f mou éyer v W6t Darboux, téte n h clvan
Yoouuxy, dnhady eivar tng wopyhc h(x) = ax +

XXOAIO 10 Av wa cuvdptnon f €yet apyixi xou dev un-
devileton oe éva drdotnua A, T6TE 1) oLUVAPTNOT, % dev Eyel
vrnoypewtixd apywxr oto A. Ioylerl dpwg to e€ng:

Ay o ovvdptnon f dev undevileton oe éva didoTnua xa
€yer Tnv i6tnTer Darboux oto OidoTnua auto, TOTE )
ouvdETNHOT) % Eyet Tpv i6tynTa Darboux oto A.m

To epwtAuata autd oyetilovtar ye tnv tpdtaoy Jarnik
oL Yol BLUTUTOOOUUE TAPAXITE.

YXOAIO 11 Av 6vVo owvaptioes éxovr tny 1016tnTa
Darbouz, téte ka1 n odvieon touvs éyer tny iidtnta Dar-
bour m

1.7 'Eva yphouwo cLUREQACUA

‘Eyouye det uéypt topa O1L:

a) Or ouveyeic ouvapthoelc oe didotnua €youv apyixy.
B) Ou cuvapthces Tou €youv apytxn éyovv v WLOTHTA
Darboux.

Y) YTrdpyouvv cuvopthoe mou €youv v ot Dar-
boux, ahAd Sev €youv apyx.

5) Yrdpyouv un ouveyelc ocuvapthAcelc tou €youv op-
xwer, dpa €youv xar Ty Wi6tHTae Darboux. Mia tétola
oLVAETNOT EvoL XAl 1)

s = { e

0, x=0

x4tL mou €youue NON anodeilel. To nopamdve poc emitpé-
TOLY VoL XAVOUUE €va GYEDLO YL TO TS GUUTEPLPEQOVTOL
oplopéva 1Md1 CLUVUPTACEWY OYETXE UE TNV Umapdn dp-
ynic:  Av ouyBohicovue avtictorya ye Fa to olvolo
TWV OLVAPTACEWY Ue Tedlo optouod 0 A |, ue Ca 10
o0Ovoho TV GUVEYWY cuvapThoewy 6to A | e Da To
oUVOAO TV GULVOPTACE®Y Tou €youv TNy WLoTHTa Dar-
boux oto A apywxh oto A xou ye Aa 10 cOvolo TwV
OLVAPTACEWY oL €youv apyixh oto A | téTe 1oy leL OTL:
Ca € AA S Da S Fa Me dha Aoyto umopolpe vo
ToVYE OTL:

Ou ouveyeic ouvaptiioeis oe éva Oiotnua A arotedoly
UTOOUYOAO 0TO OUYOAO TWV CUVAPTHOEWY TOU EYOLY

apy XY, aUTES elvan UTOOUYOAO 0TO GUVOAO TWY
ouvapPTHoEWY TToU Eyouy TNV 10L6TYTa Darboux xon autés
UE TN OEEd TOUS UTOOUVOAO GTO GUVOAD TWY
OLVOPTIOEWY TTOU vl 0ploUEveES oTo didotnua A.



2 Ilpotdoeig - Xyohio 0TV aApyLx
oLVAPTNOT

Avagépouye ywplc anddeln oplouéva oyodha ¥ mpoTd-
oelg mov Yo oUUBIANOLY OOTE Vo OYNUATICOLUE Wit TTLO
ONOUATPOUEVT] EIXOVAL YIdL TNV 0PYIXY) CLVARTNOT.

3YXOAIO 12 (Ilpéraon Jarnik) Eotew f : A - R ka
g+ A = R* 6o owaptioeg mov éyouvv apyiki) o0To
owdotnua A . Tote n ovvdptnon 5 éxer Ty 1idtna Dar-
bouz oto A m

¥xoa10 13 pEotww f : I - J,g:J - R 6o
ouvaptnoes tov éyovy tny 1016tnTa Darboux ota deotn-
pata I, J. Tote n ovvdptnon go f éxea tnr 1di6tnta
Darbouz oto didotnua I m

OPIEMOE 2 FEotw xg €va €owtepiké onueio €vog oOi-
aotiuatos A. Av ta mAevpikd dpia Tns ovvdpTnons f oto
xo vrdpyovy, €tvar npayuatikol apidpol aAld dapopetikd
peta&t toug, tote Aépe 6t n ovvdptnon f mapovordler o-
T0 T aovréyela TpaTov €idovs. Aagpopetikd n aouvéyeia
Aéyetar devtépou €ldous.

Aowéyaa Aoimov devtépouv €idovs Ua mapovodler jua
ouvdptnon oto xg 0tav kdmnoio ané ta mAcupikd dpia Oev
undpyel 1} 6tav kdroo and avrd vrdpyel pev aAdd Oev elvar

Tpayuatikos apipog.

IIpbtaon 5 Eotw f e ovvdptnon mov eivar povdétovn
oo oidotnua A. Tére ta evdeyoueva onueia aovvéyeag
S f elvar mpdtov €idous ka1 to oUvodo avTdy TwY onueEl-
wv €tvar to oAU apiunoipo m

IIpbtaon 6 Fotw f e ovvdptnon mov éyer Tny 1016Tn-
ta Darbouz oto idotnua A. Téte ta evdeydueva onpueia
aowéyeas tns f elvar devtépou €idovcm

IToPIZMA 3 Av ja ovvdptnon f opwouévn oe éva
didotnua A Sev elvar ouvexnis o€ Kdmolo €0WTEPIKO ONUElD
v A kai tapovoidlel aocvvéyela TpwTou €00US € AUTO TO
onueio, téte n ovrdpTnon avey dev éxer apyikn oto A

E®APMOTH 4 Afvetar n ovvdptnon

Ing 00
@) :{ Inz ,ée’(ox, i)1u (1,+00)

Na anoderyel 6t n ovvdpTnon f dev éxer apyikn.
ArsH H ouvdptnon f dev elvar ouveyrc oto 1, wa xon

1
lim f(z) = lim —— = 1 £2= f(1)
r—1 z—-1x -1
Enopévec, agob 1 f nopovotdlel acuvéyela tpmTou eidoug
010 T = 1, 1 ouvdpTnon auTh Bev Exel apyxy.

¥XO0AIO 14 Eoww f e ovvdptnon mov éxer tnv 1616tn-
ta Darbouz oto didotnua A kai eivai povétovn oto sdoTn-
pna A. Tote n f eivar ovvexng oo A m

YXOAIO 15 Eredny yua ovvdptnon mov éyer apyikn é-
et vnoypewtikd tny iidtnta Darbouz, ovurepaivouue 6t
av vrdpyovv onueia aovvéyeag, tote autd €ivar devtépov
efdovg. M

YXOAIO 16 Av jua ovvdptnon €ivar povdotovn o€ éva
oidotnua A kar éyer onuela aovvéyeag, Tote avty dev

éxer apyiknm

[Mparypated, autd cupPaiver BIOTL Lot LOVOTOVY GUVAPTNOT,
oe éva BrdoTnua dev unopel va €yel aouvEyeLa BELTEPOL
eldoug oe xavéva eowtepxd onuelo. Ko enedn ot a-
ouveyelc oLVAPTAGELS TOL €YOULV aPYIXT| £YOLY AGULVEYELL
wovo deutépou eldoug, 1 cUVEPTNOY AUTH BEV EYEL APYIXT.

ITAPAAEITMA 3 O cuvopthoelg

22,2 €0, 1]
z+1, z>1

e’, <0
z+2 , x>0

@ - | o) - |
dev €youv apyixy), SLOTL elvarl LOVOTOVES X efval aoLVEYE(S
we aouvéyela tpodtou eldouc. ( To 61 dev €youv apyxh
TPOXUTTEL ENIONE ANO TO YEYOVOS OTL TO GUVORO THUWY TOUG
dev eivar drdoTnua)

2.1 Boaowd Yuvunépacua

Av wa ouvdptnon f eivar opiopévn oe éva Sdotnuo A
xal og xdnolo onpeio zg tou A éva TouAdyloTOoV And To
TAELEXE OpLa TNS f 0TO g, TENEPACUEVO 1) dNELPO, UTAPYEL
xou ebvou drapopetind and to f(xg), TOTE 1 oLVEPTHOY AUTT
dev €yet apyxr) oto A. H nopandve mpdtacy elvor mpox-
Tixd oD Yerowy, SLOTL 0 UTOAOYIOUOS TWV TAELUPIXADY 0pl-
OV O W 6LYAETNOY elvan oyeTiXd 0X0AY uTOYEaT), onoTE
£0X0NOL UTOPOVUE VAL BLOTIOTOGOVYE OTL Ylal oLVAPTNOT BEV
et apywr). o mapdderypa, 1 ouvdpTtnom

z,r <0
cvvz, >0

f(w)={1

z
dev €yel apytxn, apol to 8e€Ld bplo g f oo 0 elvor + oo.

XXOAIO 17 Abo axdya npotdoelg ye YewpnTind yapax-
Thpa eival Ol ETOUEVES:

A. (Bedpnua Lebesgue) Trdpyet tovddyiotoy wio
ouvdptnon f ue medio opiouol to R mov elvan aouveyris
oe xde onueio x xau Eyel TNy 1616TNT Darboux m

)

B. ( Oedpnua Sierpinski)Iio xade ouvdptnon f : R - R
urdpyouy dUo acuveyeic ouvapthioeis fi, f2 : R = R
mou €youvv tnv ihiotnta Darboux, dote vo oy let:

f=h+fom



YX0AI0 18 Kielvovpe ta evdiagépovia oyodhla mou
agopolv Ti¢ ouvapthoel Darboux Yupilovtag 1 Poouxn
BOTNTA TOL CULVOEEL TIC GUVEYEIC CUVIPTACELS XAl TIC
ouvapThoel pe Ty Widtnta Darboux ot mou avagépaue

70N oTNY apy| TS TaPAYPdPOU.

Ay wa ovvdptnon f elvon ouveyrc oto didotnua A, t6TE
n ouvdptnon auty Exet Ty i6TnTa Darboux oto

owotnuo A m

To avtiotpogo Bev toyler mavta.  Yrdpyouvv BHniady
ouvapThoelc Tou €youv Tty WioTnTa Darboux, akhd dev
elvon ouveyelc.

3 Egopuoveéc otnv opyixn
oLVAPTNOT

E®APMOTH 5 Aiverar n ovvdptnon

1
_ ) g, w %0
1(z) { a,z=0
Na anoderydel ot
a) n owvdptnon f éxel Ty 1didtnta Darbouzx, av kai puévo
av|al < 1
B) n ouvdpTnon f éxer apxixn, av ka1 uévo av o =0

E®APMOTH 6 Av jua ovvdptnon f éxer apyikn ota oi-
aotiuaza (o, ], [B,7] , tdte éxer apyikn ka1 oTo hidoTn-

pa [o, 7]

E®APMOTH 7 Aivovtar o1 ouvvaptioeig

1
5 ,z =0
xTr) =
(@) {n/ﬂz—nu%,xio
1
1 T =
x:
9() {nu2§+nu%,xi0

Na aroderyOei 6t o1 ovvaptioes f, g éxovv apyxikn, €ved
n ouvdptnon f - g dev éxer apyikn.

4 To adpioTo ohoXANpLUX

H évvoua tou adpiotou ohoxhnpopatog eivar yvwotr. Aev
Yo avagepd® oe uedodoug umohoyiopol olOTE o€ eap-
woyég mapd Vo xdvew LOVo Oplopéva oY OAloL GTOV 0ploUd
TOU.

4.1 Ewaywyn

‘Eotww wa ouvdptnon f opouévn oe éva ddotnua A, 1
omoia €yel mapdyousa oo A. Eivor yvwotd étt oe auti
NV nepintwon 1 f €yl dnelpeg apyixéc, ol onoleg pdhloTa
Srapépouv xatd uio mporyportiny) otadepd.

OPIEzMOE 3 Ovoudlovue adpioto odokAnpwua tns f o-
0 A 0 0Urodo twr apyikawy tng oto hidotnua A . Elvar
onkaon:

ff(x)d$:{F/F:A—>R,F'(x):f(x) yia kdde e A

‘Onwe gaiveton and TOV TARATAVG 0PGRS TO AGPLOTO

OANOXATIPOUO pla oLVAPTNONE OE Eva BldoTnua eivar GOVOho
xou Oyt GUVEPTNO.
YOpBaocr Onwc npoxdntel and tov oploud, 1 €vvola
TOU AOPIOTOL OAOXANEOUATOS AVAPERETAL OE DldoTNnua. Av
Aotmov 1o medio oplouol plag cuVETNoNS Bev elvat dLdoTr-
oL, ohhd Evdon Do TNUATOY, TOTE AEYOoVTag AOPIOTO ONOX-
Mpopa g f o evvoolye to adploto ohoxhfpwua aVTAS
oe éva UTOBIAoTNUA TOL TEBlOL 0pIoWol TNG.

OpizMOE 4 Eotw Fa to olrvodo twv ovvaptijoewr tov
éovr Tedio opiopov wo(1y opilovtar oto)didotnua A kar
A,B c Fa. Optlovue tote ta e&ijs:

a) A+B={f+g/feAkrarg € B}

) A-B={f-g/feAnag e B}
YI+B={f}+B={f+g/geB}

5) f-B={f}-B={f-glgeB)

M = (Af/feALA € Re , ~A={(-1)f[fc A},
AMA+B)=XA+AB, ) € R«

Tovilovpe 6Tt €dcd n oagopd A — B bev elvar ) yrwotn
mpdén ovdlwv An B'.

OPIEMOE 5 Eoww A éva ordotnua. Opilovue:
C:{f:A—->R/f = oradeprj}

Me diha Aoyia to C' oupfohilel 1o 6Ovolo Twv oTadepy
oLVOPTHoEWY UE TEdio oplopol To didoTtnua A.

OEQPHMA 13 I to ovvoro C wyve ot
1. \C=C, ya k@0 \ # 0
2C+C=CkanC-C=C
3 k+C=k-C=C+k=C-k=C ywa xdllekeC

N

f+C=f-C={f+k[keC} ya kdle auvdptnon
fEFA
5 Av feFa ket I ={f+klkeC}, tére I -1 =C,

I+C =1xkat Xl = \f+C={\f+k|k € C}, érov
A+ 0



6. Ioxvea eniong n 10i6tnTa:

f+C=g+C <= f=g+c,ceR

LOppova UE TOV 0pIoUd TOU AOPIOTOU ONOXANPWUATOS
xou €MEWN oL mapdyovoeg g (Blag ouvdptnong f oe é-
VoL SLdo TN BlapEpouy LOVOo xatd Uil aTadepd, TPox\NTEL
7

ot

IMpbtaon 7 Av n F elvar jua apyikn tns ovvdptnongs f

/4 4 Z z
o€ éva rdotnua A, tote éyovpe:

f F(2)dz = F(z) + C(1)

orov C' elvar to olvolo twv otadepdy ouvvaptioewy mov
/7 4 4 z /7 4
oploaue napandvw. Xvyrd, avto to C Aéyetar ka1 otalepd

odokAnpwons m

4.2 Boaowr nopatrernon

[a ) otadepd ohoxhfpwone C, mou ag unv ey vaue 61Tt
elvon ahvoho xou Oyt aptduds 1 ouvdptnot, Loy Vel 1 TOAD
evdragpépovca wibtnta: [ f(z)dr + C = [ f(z)dx

Av howmdy Véoovpe [ f(z)dx = T ,;téte 1 mopomdve
10OTNTAL YpdpETIL:

I+ C =1I(%xx)

Y oyéon (***) eivar poavepd btu xopla Yoot npddn
and toug apripole dev umopel va yiver. Aev unopel yia
nopdderypa va dlaypdoupe and o 0o wékn to I xou va
ndpouue C' = 0, agod 1o npwto Yéhog atny oyéon C' = 0
elvor aOvolo xar To Bedtepo elvan aprduds | ARRd axdua
xou oy apoupécsoupe oty (¥**) and ta dvo péln 1o chvoho
I, tote, 6mwe avapépape oTIC OLOTNTES, Yol TAPOULYE:

I+C-1=1-1(I-)+C=C=(C+C=C<=C=C

mou ebvar BéBatar ahnifc mpodtoom xou oyt C = 0 ! Ouui-
Covpe 611 C - C = C. Na tovicouye eniong emmpocdéteng
ot etvan I — I =C', ondte ndAl ONOWADNTOTE «DLorypopt|»
ot womta [ + C' = 1, dev odnyel napd oty C'=C'!

4.3 Xyoha

YX0OAI0 19 T Adyoug anhoboteuong, o ToANd Bi3Ai-
o, oY OAxd ahhd xan TavemoTHwiaxd, cuvndiletar To chvo-
Ao C vo avtixadiotaton and wo mpaypotixy otadepd c.
Avuto, av xal TpoowpEvd ATAOTOIEL XATKWS TOUS UTOAOYLO-
pole, dnuiovpyel dAha tpoPhfuata, Bttt oty (1) Tou npo-
NYovpévou Yewpnuatog xou to 800 UEAn elvar ohvolo xat
n (1) exppdler wodtnra cuvdhwy. Av duwe avti e (1)
Yedouye:

/f(m)dac - F(z) +cceR (2)

t61€ 0TV (2) 10 TP TO PENOC Eivar ohvolo xou To deVTEPO
elvon ouvdpTnom, dnhady éva uévo atotyeio Tou GUVOLOL
Tou meptéyel To tpwto wéhoc. H yphon hotmdv tne (2) av
xou dev dnuiovpYel ouolaoTixd TEOBANUA GTOV LUTOAOYIOUO
TV ONOXANPOUATWY, 00NYElL 0ploPéveS POPEC TaPAdOZA.
‘Eva tétoto eivon xou 1o €€rc:

YX0AI10 20 'Eva...nopddogo!!! T m ouvdptnon
flx) = %, x > 0 xou epoappoloviag ohoxAhpwor xatd
TPy OVTES TOlPVOUE:

[ S i1
A fa Gy de=t - fo (Y e [ lae = 1e T

Ané tnoyéonhowndv I = 1+ 1 nov Berxaue, draypdpovtag
0 I mpoxdntel 611 1 = 0, mov elvon mpogaveg dtomo. Ilou
€yet yivet to hdjoc;

ATANTHSH ‘Onwg €yovpe avapépel 610 GYETIXO 0pIoUO, TO
I = [ f(z)dx elvos ohvoro.H oyéon howmdv I = 1 + I, pe
v agaipeon tou I and o 500 puéhn (wor xa €xer optoel
eldwd 1 dpopd dho GUVORWY pe oTotyeior GUVAPTAGEL)
dive:

I=1+]<l-1=1+]1-IT<C=1+C=C=C

Enopévee xapla darypagr dev unopel vor YiveEL e 0 YVo-
016 TEéTO, Wi xau dev mpoxeltan yiol apdpols, oAAd Yo
oUVOAA OV €Y 0LV TEAEIWC BIAPOPETIXNY CUUTEQLPORY OTIG
Tpdielc e npdodeong xar tng agaipeons. Kavéva dtomo
Aotmov dev unopel vor tpoxGYEL.

YXOAIO0 21 O1 mpdées pe to otvodo C éyovr, onws €i-

oaue non, kdrowa 1waitepétnta. Eror, av n F elvar apyikn
1

s owdptnons f(zx) = +,x > 0, tére oo mapardvo
€pATNHA, CUUPLYa Kal UE TO OXETIKO Ueddpnua, éxouvpe:
l+I=I<1+F(x)+C=F(x)+C<1+C=C

Avt) n oyéon dev diver droro, Ot

1+C=Cee1+C-C=C-Ce=1+C=C

OnAadn odnyel otov €avtd tng, akoua kar av KAvoupe
mpoorndleia ya «draypapny pe tov ourniin tpémo.

I'ENIKO STMIEPATMA
M oyéon tne popphc
I=g(x)+ )\

we A # 1, pog emtpénet va ypdouye:
1
I = mg(m) +C

¢ Vo enpodxeto dnhadr va Abooupe e&iowon wg npog I
xou va tpoodécovyue T otadepd ohoxAfpwons. Autd pe



aUOTNES TEOTO UTOPOVUE Vo TO AnodElZouUE axoAoUIOY-
Tog T €€ Priarto:

I=g(z)+ X[ =>F(z)+C=g(z) + \(F(z) +C) =
F(x)+C=g(z)+AF(x) +\C =
(1-NF(z)+C=g(x)+C =

1
1-X

C =

1
F -
(z) + C 1_)\g(ac)+1_)\

F(z)+C = %g(;ﬂwc:

I = %g(m)vLC

Ouuilovye bt av I = [ f(z)dz xu F elvar apywd e f,
T6TE Loy LEL OTL:

a) [ =F(x)+C

B)YMF+C)=AF+XC=AF+C ,pe A+ 0 Tnv nopo-
nave damiotwon T yenowwonotolue dtav vroloyilovpe
adplota ohoxhnpwuato xou e@apudélovue 800 PopES OAOX-
Mpwon xatd napdyovteg. Tétola ohoxAnpwuata elvon xou
o €EN¢:

I:fe"”n,uxdx I:/ezavl/xdx

Me v napandve uédodo Beloxouvue wa «e&lowony ye dy-
vooto 1o I xou Movovtog wg npog I tpoodétouyue T oTo-
Vepd ohoxifpwong C.

Edwdtepa, av 10 TETpAY®VO ULag GUVIRTNOTNS EYEL dp-
XXM, TOTE BEV ONUALVEL XATAVAYXYN OTL XU 1) CLUVAPTNOT
EyEL aApYIXT).

‘Eva mopdderypa elvor xoaw 1o €€ng:
oLVAETNOT:

Ocwpolue

1 2
9 _ 5(1+JUV5), x € (0,1]
& (@) { 0, =0

'Botw 61t G? éyer apyixh, 6t n A(x) efvor apynd tne
G? xu n B(x) wo apywed tne G. Téte

tovv2 e (0,1]

m-{ 2

, x=0
Eivor dpwq
1
_ E ! _ 57'7;6(071]
() -p={ 2070

Auti dev éyer apyweh,ondte xan 1 G2 Bev éyer apyx.



