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Oi sunart sei th apl  armonik tal�ntwsh. Rodìlfo Mpìrh
Περίληψη

Για να περιγράψουμε την χρονική εξέλιξη ενός
φυσικού φαινόμενου με μαθηματική γλώσσα α-
παιτούνται κάποιες συναρτήσεις. Τι γίνεται όμως
αν αυτές δεν είναι «γνωστές» στην μαθηματική
βιβλιογραφία; Στα επόμενα θα αντιμετωπίσουμε
λοιπόν το παρακάτω πρόβλημα υπενθυμίζοντας ότι
οι διαφορικές εξισώσεις είναι πηγή νέων συναρτή-
σεων ακόμη και στο επίπεδο της Γ΄ Λυκείου κάνον-
τας μαθηματικά μέσα από την φυσική!'Ena s¸ma m�zam sundèetai me elat rio stajer�K. S-to s¸ma d�netai arqik  taqÔthta U0. To d�pedo jewre�taile�o.

Ja melet soume ti idiìthte pou èqei h sun�rthsh x(t),th orizìntia metatìpish x se sun�rthsh me ton qrìno
t. Sthn majhmatik  ma diereÔnhsh, DEN jewroÔme gn-wstè ti trigwnometrikè sunart sei. 'Etsi me thnbo jeia kai th fusik  ja prospaj soume na ti x-anaanakalÔyoume!! E�nai mia jaum�sia eukair�a gia toumajhtè th G' Luke�ou na diapist¸soun thn qrhsimìth-ta tou diaforikoÔ logismoÔ se fusik� probl mata, qwr�na deqtoÔn pajhtik� thn èkfrash {apodeiknÔetai ìti...}.Akìmh to majhmatikì perieqìmeno, pou br�sketai ex olok-l rou mèsa sthn Ôlh tou, e�nai ploÔsio se idèe pou m-pore� na fanoÔn qr sime kai sti exet�sei. Entupwsi-akì e�nai akìmh to gegonì ìti OLES oi idiìthte twntrigwnometrik¸n sunart sewn mpore� na prokÔyoun apìto prohgoÔmeno prìblhma. 'Etsi:1. Efarmìste ton nìmo tou NeÔtwna gia na de�xete ìti

x′′(t) = −ω2x(t) , ∀t ∈ R ìpou onom�same me w tophl�ko ω =
√

K
m
> 0 pou èqei diast�sei sec−1

2. Gia na fèrete thn ex�swsh sa se pio apl  morf (ma qal�ei l�go to ω2 ) k�nte thn allag  metabl-ht  τ = ωt. Autì mpore�te na to petÔqete, metr¸n-ta ton qrìno, me èna eidikì qronìmetro pou ja al-l�zei thn kl�maka mètrhsh tou qrìnou, giat� jatrèqei   ja phga�nei pio arg�, ω forè apì èna{kanonikì} qronìmetro. To ousiastikì ìmw kèr-do e�nai, ìti to τ e�nai adi�stato mègejo kai èt-si mpore� na emfaniste� se opoiad pote jèsh mèsase k�je majhmatik  sun�rthsh p.q ston ekjèth.De�xte tìte ìti h ex�swsh gr�fetai : z′′(τ) =
−z(τ) , ∀τ ∈ R ìpou jèsame z(τ) = x(τ/ω). (Mi-a aisjhtik  parèmbash merikè forè e�nai akrib¸autì pou qrei�zetai gia na up�rxei sunèqeia se ènakat' exoq n logikì prìblhma.)3. Mia shmantik  er¸thsh sthn fusik , e�nai an hmhqanik  enèrgeia tou s¸mato diathre�tai se aut -n thn k�nhsh. Gia na to apode�xete xekin steapì thn z′′(τ) = −z(τ) , ∀τ ∈ R kai de�xte ìti hsun�rthsh (z(τ))2 + (z′(τ))2 e�nai stajer , èstw�sh me C2. Met� mpore�te na sumper�nete ìti kai holik  mhqanik  enèrgeia 1

2K ⋅x2(t)+ 1
2m ⋅υ2(t) e�naikai aut  stajer .4. Gia na oloklhrwje� h majhmatik  perigraf  toufainomènou apaitoÔntai duo stajerè, oi opo�e sth-n fusik  ja ekfr�zoun thn arqik  kat�stas  tou,tìte dhlad  pou pat same to qronìmetro. D�nontailoipìn oi timè A kai B ìpou z(0) = B , z′(0) = Agia τ = 0. De�xte ìti B e�nai h arqik  metatìpish kai

Aω e�nai h arqik  taqÔthta metr¸nta ti metatop�-sei apì thn jèsh isorrop�a. Den bl�ptei thngenikìthta na jewr sete ìti B ≥ 0,A ≥ 0 , èt-si jewroÔme san jetik  for� aut n, th arqik taqÔthta.5. AfoÔ de�xete ìti A2 + B2 = C2, de�xte akìmh ìti,ìtan C = 0, tìte z(τ) = 0 , ∀τ ∈ R. To gegonìautì sthn fusik  shma�nei ìti: an den doje� arqik enèrgeia sto s¸ma, tìte autì ja parame�nei ak�nhto.6. 'Estw t¸ra ìti isqÔoun z′′(τ) = −z(τ) ∀τ ∈
R , z(0) = B , z′(0) = A kai akìmh y′′(τ) =
−y(τ) ∀τ ∈ R , y(0) = B , y′(0) = A . De�xte ìti
z(τ) = y(τ) ∀τ ∈ R . Gia na to petÔqete de�xte ìtih sun�rthsh (z′(τ) − y′(τ))2 + (z(τ) − y(τ))2 e�naistajer  kai �sh me to mhdèn. Autì shma�nei ìti up�r-qei mia mìno sun�rthsh pou epalhjeÔei to : z′′(τ) =1



−z(τ) ∀τ ∈ R , z(0) = B , z′(0) = A. Sthn fusik shma�nei ìti to prìblhma èqei teje� kal�, e�naiaitiokratikì kai den parousi�zei qaotik  sumperi-for�, dhlad  apì mia dedomènh arqik  kat�stashpar�getai èna problèyimo kai monadikì apotèlesma.7. Mia pou aplopoi same thn arqik  ex�swsh,eis�gonta thn adi�stath metablht  τ , a aplopoi -soume kai ti arqikè sunj ke epilègonta tou pioaploÔ arijmoÔ B kai A pou, bèbaia, e�nai to 0 kaito 1. Den epilèxame to 0 kai to 0 lìgw tou erwt -mato 5. 'Etsi a onom�soume me f thn monadik (lìgw tou 6) sun�rthsh pou ikanopoie� to prìblh-ma: f ′′(τ) = −f(τ) ∀τ ∈ R , f(0) = 0 , f ′(0) = 1Na de�xete ìti z(τ) = Af(τ) + Bf ′(τ). Jasthriqte�te sthn monadikìthta pou sa exasf�liseto er¸thma 6. Asqolhje�te me to B' mèlo.8. Sto prohgoÔmeno er¸thma petÔqame k�ti shman-tikì! Ekfr�same thn sun�rthsh pou perigr�feithn qronik  exèlixh tou fainomènou gia ìle ti ar-qikè sunj ke, san grammikì sunduasmì duo mìnonsunart sewn, twn f kai f ′. Ax�zei loipìn ton kìpona anakalÔyoume! ti idiìthte pou parousi�zeih f kai h par�gwgì th. Arqik� mpore�te nade�xete ìti f(a + b) = f(a)f ′(b) + f(b)f ′(a) kai
f ′(a + b) = f ′(a)f ′(b) − f(a)f(b). Gia thn apìdeix-h th pr¸th sqèsh jewre�ste to f(a + b) wsun�rthsh tou a, omo�w kai to deÔtero mèlo kaiapode�xte ìti ikanopoioÔn to �dio prìblhma me autìtou erwt mato 6. H apìdeixh th deÔterh sqèshqrhsimopoie� thn pr¸th. To f(a + b) ekfr�zei mia{qronik  metatìpish}   me pio fusikì trìpo, al-lag  jèsh isorrop�a   akìmh to 0 th kl�makamètrhsh twn diasthm�twn na e�nai diaforetikì apìthn jèsh isorrop�a.9. De�xte ìti (f(τ))2 + (f ′(τ))2 = 1 , f ′(τ) ≤ 1 =
f ′(0) ∀τ ∈ R. H par�stash me ta tèleia tetr�g-wna e�nai ant�stoiqh tou erwt mato 3 kai ekfr�zeimia {energeiak } �poyh tou fainomènou.10. Gia na sumper�nete ìti up�rqei ξ ≠ 0, f(ξ) = 0, d-eqje�te ìti f ≠ 0 sto (0,+∞). AfoÔ h f diathre�stajerì prìshmo sto (0,+∞) , èstw jetikì, de�xteìti e�nai ko�lh. Suzht¸nta gia thn efaptomènh thde�xte ìti f ′(τ) > 0 sto (0,+∞). L�bete up' ìyeisa ìti h f ′ èqei mègisto sto 0 kai ìti e�nai ko�lhkai me trìpo ant�stoiqo me ton prohgoÔmeno odhgh-je�te se �topo. Mpore�te pia na jewr sete to ξ santhn mikrìterh jetik  r�za th f(τ) . H parap�nwanaz thsh e�nai m�llon majhmatik , par� fusik  kaiaforoÔse leptomèreie th sqed�ash th grafik par�stash th Cf .

11. T¸ra de�xte ìti : f(τ + 2ξ) = f(τ) qrhsimopoie�steto 8 kai to gegonì ìti f2(ξ) = 1. Sth sunè-qeia de�xte ìti h f(τ) e�nai periodik , me per�odoto 2ξ pou e�nai mia �mesh kai spouda�a parat rhshtou fusikoÔ fainìmenou. 'Etsi h ap�nthsh sthner¸thsh {pìte ja stamat sei na kine�tai to s¸ma?}e�nai {potè}. To sumpèrasma e�nai eÔlogo an analo-giste�te ìti den up�rqoun tribè kai ètsi to arqikìposì enèrgeia pou dìjhke sto s¸ma den q�netaisto perib�llon. 'Eprepe ìmw na prohghje� ìlh hprohgoÔmenh majhmatik  doulei� gia na apodeiqje�h periodikìthta th f .12. De�xte ìti f ′(ξ/2) = 0 , f ko�lh sto [0, ξ] kaimelet ste thn monoton�a kai to prìshmì th sto�dio di�sthma. Bre�te to sÔnolo tim¸n th. Prèpeina èqete katal�bei pìso spouda�o rìlo pa�zei to xsth melèth th sun�rthsh.13. De�xte ìti h f(τ)+f(−τ) e�nai stajer  me thn bo -jeia tou 5. Sumper�nate ìti h f e�nai peritt  kaih par�gwgì th �rtia. Autè e�nai idiìthte sum-metr�a pou mpore� na parathr sei k�poio ektel¸n-ta to fusikì pe�rama.14. De�xte ìti : lim
τ→0

f(τ)
τ
= 1 , lim

τ→+∞

f(τ)
τ
= 0 Ta erwt -mata aut� de�qnoun thn sumperifor� th sun�rthsh- sthn {arq } kai to {tèlo} tou qrìnou.15. Gia τ > 0 h f br�sketai k�tw apì thn efaptomèn-h th pou èqei ex�swsh y = τ kai ant�strofa gia

τ < 0. Ta sumper�smata aut� prokÔptoun apì thnkurtìthta eÔkola kai apoteloÔn qr sime anisìtht-e mèsw twn opo�wn mporoÔme na {prosegg�soume}thn f kont� sto 0. K�nete kai mia prìqeirh grafik par�stash th f .16. Ta duo epìmena erwt mata aforoÔn gewmetrikèantistoiq�e pou mpore�te na k�nete me autè tisunart sei. Mia shmantik  parat rhsh loipìn,pou prokÔptei apì to 9, e�nai ìti mpore�te na jew-r sete ti f kai f w shme�a enì kÔklou me kèn-tro to (0,0) kai akt�na 1. Pio analutik� an jè-sete X = f(τ) , Y = f ′(τ) tìte o gewmetrikìtìpo twn shme�wn (X,Y ) e�nai o monadia�o kÔk-lo. 'Ara mpore�te na antistoiq sete to (X,Y )se èna peristrefìmeno di�nusma m kou 1 me mìnhpar�metro thn prosanatolismènh gwn�a peristrof - ϕ, aut  pou oi fusiko� onom�zoun f�sh. AfoÔ to
ϕ metab�lletai me suneq  trìpo kai or�zei monos -manta ta X,Y t�pota den ma empod�zei na epilèx-oume ϕ = τ .17. Tèlo èna akìmh shmantikì sumpèrasma pouprokÔptei apì to 7 e�nai ìti, afoÔ to z(τ) gr�fthke2



san grammikì sunduasmì twn f kai f ′ m pw m-pore� na jewr soume ta f kai f ′ san {monadia�adianÔsmata} enì didi�statou q¸rou kai ta A,Bsan suntetagmène tou tuqa�ou anÔsmato z ; Hap�nthsh e�nai katafatik  kai polÔ qr simh se autìpou oi fusiko� onom�zoun sÔnjesh talant¸sewn. Hapìdeixh ìmw e�nai dustuq¸ ektì lukeiak  Ôlh,par� to gegonì ìti e�nai arket� eÔkolh. 'Etsi jamporoÔse na isquriste� k�poio ìti {di�nusma dene�nai mìnon to bel�ki} all� k�ti polÔ genikìterokai saf¸ pio ìmorfo!18. Met� apì ìla aut� ax�zei oi f kai f na èqoun idi-a�tero ìnoma. Ti onom�zoume loipìn ant�stoiqahm�tono kai sunhm�tono kai ti sumbol�zoume me :
f(τ) = ηµτ , f ′(τ) = συντ , en¸ sthn diejn  bibli-ograf�a sÔmbola e�nai f(τ) = sin τ , f ′(τ) = cos τSqolia� An sto er¸thma 16 taut�sete to mètro th gwn�aparamètrou ϕ me to τ , tìte mpore�te na anagn-wr�sete thn tim  tou ξ, sugkr�nonta ti periìdou.Ja prèpei 2ξ = 2π �ra ξ = π !!. Bèbaia to πmpore� na oriste� kai diaforetik� pio analutik�,qrhsimopoi¸nta thn sun�rthsh th f se kat�llh-lo di�sthma kai thn ènnoia tou orismènou oloklhr¸-mato, all� autì o trìpo m�llon den did�sketaisto lÔkeio ìpou jewroÔme to π san to lìgo th per-ifèreia pro thn di�metro. Sto tèlo ìmw d�netaimia apìdeixh gia thn mèjodo aut  qrhsimopoi¸ntamìnon lukeiak  Ôlh.� O trìpo pou anaptÔxame to jèma tairi�zei m�llonme thn �poyh enì majhmatikoÔ, par� enì fusikoÔpou ja meletoÔse to pe�rama. Akribèstera tèjhkesan prìblhma pou kale�tai na lÔsei èna majht -, ¸ste na up�rqei kai mia sÔndesh me ti exet�-sei th G' Luke�ou. Bèbaia sqedìn se k�je er¸th-ma paratèjhke kai mia fusik  anagkaiìthta, pouprospajoÔse na exhg sei ènan trìpo anak�luyhautoÔ tou erwt mato me fusikì kai ìqi majhmatikìtrìpo. Gia k�poion pou èqei xanakoÔsei thn jewr�-a th A.A.T ta pr�gmata s�goura ja fa�nontai pioapl� kai eÔkola. Lush1. H ant�drash apì to d�pedo anaire�tai apì to b�ro,�ra h mình dÔnamh pou apomènei aske�tai apì to e-lat rio kai e�nai th morf  F = −Kx ìpou x hsuspe�rwsh tou elathr�ou apì to fusikì tou m ko.Ed¸ ìmw sth jèsh isorrop�a tou s¸mato to e-lat rio èqei to fusikì tou m ko kai afoÔ xekin�me

na metr�me ti apomakrÔnsei apì thn jèsh isor-rop�a, x ja e�nai kai h apom�krunsh tou s¸mato,h opo�a bèbaia e�nai sun�rthsh tou qrìnou x = x(t).Tìte: ΣF =ma⇔ −kx =ma⇔ a = − k
m
x Jètoume

k
m
= ω2 , èqoume to dika�wma afoÔ to k

m
e�nai jetik stajer�, �ra a = −ω2x ⇔ dυ

dt
= −ω2x ⇔ d2x

dt2
=

−ω2x ⇔ x′′(t) = −ω2x(t) L�go auja�reta jewr -same to x duo forè paragwg�simh sun�rthsh touqrìnou. Mia for� paragwg�simh s�goura e�nai, giat�sthn klassik  mhqanik  h taqÔthta den mpore� naparousi�zei apìtoma �lmata (asunèqeie), afoÔ jaqreiazìtan �peirh epit�qunsh kai ètsi den ja �squeo nìmo th adr�neia. 'Omw den isqÔei to �diogia thn epit�qunsh. Autì ofe�letai sto gegonììti h epit�qunsh ofe�letai se exwterikì a�tio, thn
ΣF , kai den e�nai k�poia idiìthta tou s¸mato.Jewrhtik� loipìn ja mporoÔsame na epib�loumedun�mei pou na all�zoun apìtoma, opìte kai hepit�qunsh ja parous�aze asunèqeie. Ed¸ ìmwto α e�nai an�logo tou x to opo�o all�zei omal�kai den parousi�zei asunèqeie.2. Jètoume τ = ω t⇔ t = τ

ω
. Tìte gia na broÔme thndeÔterh par�gwgo tou z w pro τ èqoume: z(τ) =

x ( τ
ω
) ⇒ z′(τ) = 1

ω
x′ ( τ

ω
) ⇒ z′′(τ) = 1

ω2x
′′ ( τ

ω
) ìpouoi tìnoi shma�noun parag¸gish w pro τ kai ìqiw pro t. An t¸ra sthn arqik  ex�swsh jèsoumeìpou t to τ/ω pa�rnoume : x′′( τ

ω
) = −ω2 ⋅ x( τ

ω
) ⇔

1
ω2x

′′( τ
ω
) = −x( τ

ω
) ⇔ z′′(τ) = −z(τ) O basikì lì-go pou ma od ghse sthn allag  metablht  denofe�letai sthn parat rhsh tou fusikoÔ fainìmenou,all� sthn epexergas�a th majhmatik  ex�swsh,gia aisjhtikoÔ m�llon lìgou. An jèloume nadoulèyoume me to sÔmbolo tou Leibniz, pou qrhsi-mopoie�tai pio suqn� sta fusik� probl mata, tìteja prèpei na prosèxoume to ex  shme�o. 'Otangr�foume p.q dx

dτ
h sun�rthsh x prèpei na èqeimetablht  to τ kai ìqi to t. 'Ara den e�nai h x(t),all� h x( τ

ω
) thn opo�a onom�same z(τ). Opìte

dx
dτ
= dz

dτ
dx
dt
= dx

dτ
⋅ dτ
dt
= dx

dτ
⋅ ω ⇔ υ = dx

dτ
⋅ ω ⇔

υ(τ) = ω ⋅ z′(τ) kai dυ
dt
= dυ

dτ
⋅ dτ
dt
= dυ

dτ
⋅ ω = ω ⋅ dυ

dτ
=

ω ⋅ d
dτ
(dx
dτ
⋅ ω) = ω2 ⋅ d2x

dτ2
= ω2 ⋅ z′′(τ) ìpou kai p�li oitìnoi shma�noun parag¸gish w pro τ kai ìqi wpro t.3. Gia na de�xoume ìti h sun�rthsh (z(τ))2 + (z′(τ))2e�nai stajer , arke� h par�gwgì th na prokÔyei�sh me to mhdèn gia k�je tim  tou τ . 'Etsi èqoume

((z(τ))2 + (z′(τ))2)′ = 2z(τ)z′(τ) + 2z′(τ)z′′(τ) =
2z′(τ) (z′′(τ) + z(τ)) = 0 ìpou l�bame up' ìyh mato er¸thma 2 'Ara (z(τ))2 + (z′(τ))2 = C2 (mh arn-htik  stajer�). T¸ra sth sunèqeia me parag¸gishw pro t kai lìgw tou erwt mato 1 prokÔptei to3



�llo zhtoÔmeno4. T¸ra afoÔ h sun�rthsh (z(τ))2 + (z′(τ))2 e�nai s-tajer  ja e�nai �sh me thn tim  th sto 0. Opìte
C2 = (z(0))2 + (z′(0))2 = B2 + A2. Epeid  B =
x(0) = z(0) to B parist�nei thn arqik  metatìpish.Akìmh υ(t)

ω
= z′(τ) ⇒ υ(0)

ω
= z′(0) ⇒ υ(0)

ω
= A ⇒

υ(0) = Aω prokÔptei ìti e�nai h arqik  taqÔthta.M�lista
1

2
KC2 = EArqik An jewr soume A ≥ 0,B ≥ 0 shma�nei ìti epilèxameto sÔsthma axìnwn sto opo�o ja metr�me ti apo-makrÔnsei, ètsi ¸ste o jetikì hmi�xona twn x nae�nai omìrropo pro thn arqik  ma taqÔthta. Togegonì autì e�nai èna fusikì epiqe�rhma pou ex-hge� giat� den bl�ptetai h genikìthta sthn melèthtou probl mato.5. Sto er¸thma 4 de�xame ìti

(z(τ))2 + (z′(τ))2 = B2 +A2 = C2An C = 0 tìte gia na e�nai èna �jroisma tetrag¸n-wn duo pragmatik¸n arijm¸n �so me to mhdèn, prèpeikai oi duo arijmo� na e�nai �soi me to mhdèn. Opìteprèpei na isqÔoun: z(τ) = 0 , z′(τ) = 0 ∀τ ∈ R.Prosèxte ìti h sunj kh afor� kai to pareljìn toufainìmenou.6. Onom�zoume h(τ) = z(τ) − y(τ) tìte ja isqÔoun:
h′′(τ) = z′′(τ) − y′′(τ) =−z(τ) + y(τ) =
− (z(τ) − y(τ)) = −h(τ)kai epiplèon
h(0) = z(0) − y(0) = B −B = 0
h′(0) = z′(0) − y′(0) = A −A = 0 Apì to er¸thma 3sumpera�noume ìti h sun�rthsh(h(τ))2 + (h′(τ))2e�nai stajer  kai apì to 5 h h(τ) = 0 ∀τ ∈ R poushma�nei ìti z(τ) = y(τ) sto R.7. Jètoume
g(τ) = Af(τ)+Bf ′(τ) ⇒ g′(τ) = Af ′(τ)+Bf ′′(τ)
= Af ′(τ) − Bf(τ) ⇒ g′′(τ) = Af ′′(τ) − Bf ′(τ) =
−Af(τ) − Bf ′(τ) = − (Af(τ) +Bf ′(τ)) = −g(τ)Akìmh :
g(0) = Af(0) +Bf ′(0) = A ⋅ 0 +B ⋅ 1 = B
g′(0) = Af ′(0) −Bf(0) = A ⋅ 1 −B ⋅ 0 = AParathroÔme(ektì) ìti h z kai h g epalhjeÔoun thn �dia {di-aforik  ex�swsh} kai èqoun �die arqikè sunj ke.Tìte apì to er¸thma 6 prokÔptei ìti taut�zontai.'Ara z(τ) = Af(τ)+Bf ′(τ) H fusik  anagkaiìthtapou ma od ghse s' autì to apotèlesma proèrqetaiapì thn epan�lhyh tou peir�mato, k�je for� me�lle arqikè sunj ke, ¸ste me thn diereÔnhshna prokÔyei mia genik  eikìna tou fainomènou kai

ìqi apl¸ na epiluje� èna sugkekrimèno prìblhma.Ex �llou to fainìmeno autì onìmasan oi fusiko� :Apl  Armonik  Tal�ntwsh (AAT) kai k�je di�taxhpou sumperifèretai me parìmoio trìpo {ArmonikìTalantwt }. 'Etsi mhn paraxeneute�te an de�te p.qhlektrikoÔ armonikoÔ talantwtè.8. Jètoume :
w(τ) = f(τ + b) ⇒w′(τ) = f ′(τ + b) ⇒
w′′(τ) = f ′′(τ + b) = −f(τ + b) = −w(τ)
w(0) = f(0 + b) = f(b)
w′(0) = f ′(0 + b) = f ′(b) Akìmh
q(τ) = f(τ)f ′(b) + f(b)f ′(τ) ⇒
q′(τ) = f ′(τ)f ′(b) + f(b)f ′′(τ) =
f ′(τ)f ′(b) − f(b)f(τ) ⇒
q′′(τ) = f ′′(τ)f ′(b) − f(b)f ′(τ) =
q(τ) = −f(τ)f ′(b) − f(b)f ′(τ) = −q(τ)Kai q(0) = f(0)f ′(b) + f(b)f ′(0) =
0 ⋅ f ′(b) + f(b) ⋅ 1 = f(b)
q′(0) = f ′(0)f ′(b) − f(b)f(0) =
1 ⋅ f ′(b) − f(b) ⋅ 0 = f ′(b)Lìgw tou erwt mato 6 prokÔptei ìti : w(τ) =
q(τ) ⇔ w(a) = q(a) ⇔ f(a + b) = f(a)f ′(b) +
f(b)f ′(a)Paragwg�zonta w pro a èqoume :
f ′(a + b) = f ′(a)f ′(b) + f(b)f ′′(a)
f ′(a + b) = f ′(a)f ′(b) − f(b)f(a)Anazht same to f(a + b) giat� parist�nei mia ka-justèrhsh tou f w pro to τ , dhlad  sto fusikìmontèlo na metr�me ti apomakrÔnsei, ìqi apì thnjèsh isorrop�a, all� apì k�poia �llh tuqa�a jèsh.Odhghj kame s' aut n thn èkfrash prospaj¸ntana fanoÔme sunepe� sto sumpèrasma tou prohgoÔ-menou erwt mato. Dhlad  sthn anaz thsh enìgrammikoÔ sunduasmoÔ.9. Apì to 4 gia A = 1, B = 0 kai lìgw tou 3e�nai(f(τ))2 + (f ′(τ))2 = 1 tìte (f ′(τ))2 = 1 −
(f(τ))2 ≤ 1⇒ −1 ≤ f ′(τ) ≤ 1 = f ′(0)'Ara mègisto th f ′(τ) sto R e�nai to 1.10. 'Estw ìti h f den èqei r�za sto (0,+∞). Epei-d  e�nai suneq  ja diathre� stajerì prìshmo stodi�sthma autì kai m�lista jetikì diìti f ′(0) = 1⇒
lim
τ→0+

f(τ)−f(0)
τ−0 = 1 ⇒ lim

τ→0+

f(τ)
τ
= 1 ⇒ f(τ)

τ
> 0se di�sthma th morf  (0, δ) Tìte τ > 0 �ra kai

f (τ) > 0 sto di�sthma autì kai, epeid  h sun�rths ma diathre� stajerì prìshmo sto (0,+∞), ja e�nai
f(τ) > 0 ∀τ ∈ (0,+∞). Epeid  f ′′(τ) = −f(τ) < 0sumpera�noume ìti h f ja e�nai ko�lh sto [0,+∞) miapou e�nai suneq  kai sto 0. 'Ara h Cf ja br�sketaik�tw apì thn efaptomènh th. Epiplèon t¸ra, an4



up rqe τ0 > 0 ∶ f ′(τ0) < 0, h efaptomènh ja ètemnese k�poio shme�o ton jetikì hmi�xona twn τ kaikatìpin ja sunèqize sto k�tw arnhtikì hmiep�pedo,opìte kai h Cf pou br�sketai k�tw apì thn efap-tomènh th ja èpairne arnhtikè timè. 'Atopo ex'upojèsew.

Telik� sumpera�noume ìti ja èprepe na isqÔei:
f ′(τ) > 0 , ∀τ > 0. 'Etsi h f ′ èqei timè jetikè, è-qei mègisto to 1, e�nai gn sia fj�nousa afoÔ f ′′ < 0kai epiplèon e�nai ko�lh diìti f ′′′(τ) = −f ′(τ) <
0. Aut  h teleuta�a sqèsh prokÔptei an parag-wg�soume thn f ′′(τ) = −f(τ). H parag¸gishepitrèpetai afoÔ an f paragwg�simh tìte kai f ′′paragwg�simh. 'Omw tìte h grafik  par�stashth f ′ ja br�sketai k�tw apì thn efaptomènh th,h opo�a èqei arnhtik  kl�sh (f ′′ < 0) me sunèpeiatelik� h f ′ na g�netai arnhtik , pr�gma �topo, afoÔapode�xame ìti h f ′ èqei mìno jetikè timè. 'Et-si prokÔptei ìti h f èqei mia toul�qiston jetik r�za. Thn mikrìterh apì autè onom�zoume ξ. HÔparxh mikrìterou ξ tekmhri¸netai pio austhr�, anskeftoÔme ìti: apode�xame thn Ôparxh jetik  r�zah opo�a den mpore� na br�sketai {kont�} sto 0 afoÔ
f(0) = 0 , f ′(0) = 1 > 0 pou shma�nei ìti ja e�nai
f(x) ≠ 0∀x ∈ (0, δ). Sto pe�rama, to sumpèrasmaautì fa�netai profanè, afoÔ to s¸ma ja per�seixan� apì thn jèsh isorrop�a. Ed¸ loipìn fa�netaih austhrìthta pou apaite�tai apì thn majhmatik gl¸ssa prokeimènou na tekmhriwje� mia tìso apl parat rhsh.11. 'Eqoume
f(τ + ξ) = f(τ)f ′(ξ) + f(ξ)f ′(τ) = f(τ)f ′(ξ) ⇒
f((τ + ξ) + ξ) = f(τ + ξ)f ′(ξ) =
f(τ)f ′(ξ)f ′(ξ) = f(τ)(f ′(ξ))2 'Omw
(f(τ))2 + (f ′(τ))2 = 1⇒
(f(ξ))2 + (f ′(ξ))2 = 1⇒
0+ (f ′(ξ))2 = 1⇒ (f ′(ξ))2 = 1 Tìte antikajist¸n-ta prokÔptei ìti f(τ + 2ξ) = f(τ) , ∀τ ∈ R , ξ ≠ 0pou de�qnei ìti h f e�nai periodik  me per�odo to 2ξ

12. Sthn pr¸th sqèsh tou erwt mato 8 jètoume ìpou
α = b = ξ

2 > 0. 'Etsi èqoume 0 = f(ξ) = f( ξ2 + ξ
2) =

f( ξ2)f ′( ξ2) + f( ξ2)f ′( ξ2) = 2f( ξ2)f ′( ξ2)'Omw f( ξ2) ≠ 0 afoÔ ξ e�nai h mikrìterh jetik  r�zath f . 'Ara f ′( ξ2) = 0Xèroume ìti : f(0) = f(ξ) = 0 kai ìti h sun�rths ma diathre� stajerì prìshmo sto (0, ξ) afoÔ denèqei r�za sto di�sthma autì. Epeid  f ′(0) = 1 ⇒
lim
τ→0+

f(τ)−f(0)
τ−0 = 1 ⇒ lim

τ→0+

f(τ)
τ
= 1 ⇒ f(τ)

τ
> 0se di�sthma th morf  (0, δ). Tìte τ > 0 �rakai f (τ) > 0 sto di�sthma autì opìte, epeid  hsun�rths  ma diathre� stajerì prìshmo sto (0, ξ),ja e�nai f(τ) > 0 ∀τ ∈ (0, ξ). SÔmfwna me taprohgoÔmena èqoume: f ′( ξ2) = 0

(9)⇒ f( ξ2) = 1. E�-nai f ′′′(τ) = −f(τ) < 0 ∀τ ∈ (0, ξ), �ra h sun�rths e�nai ko�lh sto [0, ξ]. Sunep¸ h f ′ ↓ sto [0, ξ]memonadik  r�za to ξ
2 . Opìte f ↑ sto [0, ξ2] en¸ f ↓

[ ξ2 , ξ]. Akolouje� o p�naka monoton�a:

Qrhsimopoi¸nta to er¸thma 9 kai thn monoton�a m-poroÔme t¸ra na sumper�noume ìti ja e�nai f ′(ξ) =
−113. Jètoume
ρ(τ) = f(τ) + f(−τ) ⇒
ρ′(τ) = f ′(τ) − f ′(−τ) ⇒
ρ′′(τ) = f ′′(τ) + f ′′(−τ) = −f(τ) − f(−τ) = −ρ(τ)
ρ(0) = f(0) + f(0) = 0
ρ′(0) = f ′(0) − f ′(0) = 1 − 1 = 0 opìte lìgw toupèmptou erwt mato ja e�nai

ρ(τ) = 0 ∀τ ∈ Rpou shma�nei ìti h f e�nai peritt  kai bèbaia h par�g-wgì th, �rtia.14. 'Eqoume: lim
τ→0

f(τ)
τ

0/0= lim
τ→0

f ′(τ)
1 = f ′(0) = 1 Akìmhepeid  ∣f(τ)∣ ≤ 1 ⇒ ∣f(τ)

τ
∣ ≤ 1

∣τ ∣ ∀τ ∈ R∗ kaiepeid  lim
τ→+∞

1
∣τ ∣ = 0 ja e�nai kai lim

τ→+∞

f(τ)
τ
= 015. Ex�swsh efaptomènh (e) sto shme�o (0,0) e�nai h:

y − f(0) = f ′(0)(x − 0) ⇔ y − 0 = 1(x − 0) ⇔ y = x5



Epeid  h f e�nai ko�lh sto [0, ξ] ja èqoume f(τ) ≤
τ ∀τ ∈ [0, ξ]Apì ìla ta prohgoÔmena prokÔptei proseggistik�h grafik  par�stash:
Sta prohgoÔmena erwt mata 12 w kai 15 k�namethn apara�thth majhmatik  doulei� ¸ste na sqedi�-soume thn kampÔlh pou parist�nei thn exèlixh toufainìmenou.16. Jètoume X = f(τ) , Y = f ′(τ). Apì to er¸thma 9e�nai (f(τ))2+(f ′(τ))2 = 1 , ∀τ ∈ R Antikajist¸n-ta èqoume: X

2 +Υ2 = 1 pou parist�nei kÔklo mekèntro to (0,0) kai akt�na 1.

17. Na shmei¸soume ed¸ ìti h grafik  par�stash tou
υ sunart sei tou x genik� e�nai mia èlleiyh, kam-pÔlh polÔ suggenik  pro ton kÔklo. Akìmh, miapolÔ bolik  anapar�stash twn z(τ)   x(t) mpore�na g�nei qrhsimopoi¸nta migadikoÔ arijmoÔ.18. 'Etsi loipìn xanaanakalÔyame to hm�tono kai tosunhm�tono (kai sunep¸ thn trigwnometr�a) mèsaapì èna fusikì prìblhma. (Oi upìloipe apode�x-ei mporoÔn na g�noun me ton sunhjismèno trìpopou up�rqei sta sqolik� bibl�a). Autè oi sunart -sei emfan�zontai kai se p�ra poll� �lla probl -mata, p ran ìnoma kai kataskeu�sthkan kai p�nake

tim¸n tou. To fainìmeno autì, emfan�zetai suqnì-tata kai pistopoie� thn sten  sÔndesh majhmatik¸n- fusik . ParathrhshGia ton orismì tou arijmoÔ π = ξ mporoÔme na qrhsi-mopoi soume thn sqèsh:
π

4
= ∫

1

0

√
1 − x2dxAut  prokÔptei w ex :A onom�soume me I to olokl rwma I = ∫ 1

0

√
1 − x2dx kaia prospaj soume na to upolog�soume. Ja qreiastoÔmek�poie apì ti idiìthte twn f, f ′ ti opo�e anafèroumeamèsw

i) (f ′(x))2 = 1 + f ′(2x)
2

ii) f(0) = 0, f(ξ) = 0, f ′(ξ) = −1, f ′(0) = 1
iii) f, f ′ 1 − 1 me mh arnhtikè timè sto [0, ξ/2]

iv) f ′(x) =√1 − f2(x) sto [0, ξ/2]
v) ∫ f(x)dx = −∫ f ′′(x)dx = −f ′(x) + c

v) ∫ f(x)dx = −∫ f ′′(x)dx = −f ′(x) + c'Etsi èqoume:
I = ∫ 1

0

√
1 − x2dx=x=f(t) ∫ ξ/2

0

√
1 − f2(t)f ′(t)dt =

∫ ξ/2
0 (f ′(t))2dt = = 1

2 ∫ ξ/2
0 (1 + f ′(2t))dt =

ξ
4 + 1

2

ξ/2

∫
0

f ′(2t)dt=ω=2t ξ
4 + 1

4 ∫ ξ
0 f ′(ω)dω =

= ξ
4 + 1

4 [f(ω)]ξ0 = ξ
4 + 1

4(f(ξ) − f(0)) = ξ
4 =

π
4n O trì-po autì orismoÔ tou π ja mporoÔse na qrhsimeÔseiston upologismì tou, an mporoÔsame me k�poion trìpona upolog�soume, èstw kai kat� prosèggish, to I. Akìmhsthn arqik  morf  tou I den qrei�zetai kami� anafor�sti sunart sei f kai f . O kat� prosèggish upologis-mì tou I mpore� na g�nei me mejìdou pou den anafèrontaisto lÔkeioRodìlfo MpìrhAkropìlew 115-117,D�fnh 17235,Aj na,Thl 2109712610-2109373732,
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