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Hotor puoxol apriuol yedapovtar we adootoua
0UO, TO TOAU, TETOAYWOVWY aXEQUWY AotIuUY.

Ytpdtoc Mdxpac, Ap Madnuotixdy
Evponiixd Lyoheio BpuZeheg 1T

Hepiindn

To xelyevo autd mpodpyetar amd Yodfuo-
o Mou €0woa Yl Toug padnTEC xan TS Uo-
Wtplec Twv mpoywenuévwy Madnuatidy tou Eu-
pwndixol ayolelo BpuZehhov III xou mpaypotele-
TOL TOV YOEOXTNELOUS TWV PUOLXGY AELIUOY TOU -
TOPOUV VoL YRAPOLY (S Alpolouol TETPAYWVKY dV0
GAAWY QUOLXAY.

To mpoBinua nou Ya pog anacyorfoet €8¢ eivan to e€hC:

ITPOBAHMA T moloug Quotxois apituolc n UTdpy oLV
weépatol T ot y tétolol wote z2 + Y% = n;

To mpdPhnua eivon makd. And tov Abgavto, (6mg xou
ey, uéypt tov Fermat xot tov Euler o omolog tehixd xau
dnuooicuoe Ty TpdTN Thjen anddely. Ou apyicovye pe
duo mopATNENOELS

ITAPATHPHSEH 1 Av ot apuipol x xou y elvar xau ot duo
dpTiol 1 xat ot duo mepttTol, T6TE Xou 0 apiuog n Va el
vou dptiog. Av ot apripol & xar y elvan BrapopeTixhc ap-
uétnroc = = 2k xou y = 2m + 1 té1e éyoupe, 12 +y? =
4k? +4m?+4m+1=4(k* + m? + m)+1 = 1(mod4). 'Er-
ot dev elvau Suvatdy 0 N va elvon TEPLTTOS TNG Hop@rc 4k+3.

‘Eyoupe howndy 1o €€r¢ mpdTto cuunépacyo

(IT1) O axépator tnc wopphc 4k + 3 Bev ypdpoviar g
Glpolopa U0 TETPUYWMVWY .

ITAPATHPHSH 2 And tny yVoot TautdTnTa
(a® + %) (2 +d?) = (ac - bd)* + (ad + bc)?

gneton 6T, av duo oprdpol ypdpovial wg ddpoloua duo
TETPAYWVLY TOTE XAl TO YIVOUEVO TOUS YPAPETAL ETIONG
o¢ dpoloua duo teTpaywveY. Me dhha Aoyt Av ovoud-
ooupe S T0 GUVOAO TV axepaiwy Tou YpdpovTo we dipo-
loWol BUO TETPAYWVWY, TOTE TO S Elval XAEIOTO WS TPOE TOV
TOAATAAGIAGUO.

Avth 1 mopaTAENOY UUC EMTPENEL VO ECTIICOOUUE TNV
TPOGOY N UAS OTOLEC TEWTOLG aptIUolS TOL YRAPOVTIL WS
dipolopo BUO TETPAYWOVW®Y, Wia xot xdVe dAAOC axépouog
YPAPETU WS YIVOUEVO TPWTWY.

Ou eetdoovpe holndy 10U TEWTOUS TN Lopphc 4k +1
xou Yo tpoonadioouue va Bolue molol and autols Yped-
POVTAU WS AJPOLoUA BUO TETPAYDOVW®Y .

To va pny €yete ayovia, cog Aéw OTL OAoL oL TPOTOL
™ wophc 4k+1 ypdpovtar kg dipoloua Suo TETPAYDOVWLY.

‘Eotw howndy évag npwtog apriudc p g woppne 4k+1.
Zntdpe va anodei&oupe TL uTdpyouv Quatxol apriuol x xou
y té1010 Gote va loylel 22+ y? = p.

Ac epyacVoiyue 610 (Zp, +,.) v axepaioyv modulo p
10 omnolo, 6w Yvwpilouye, eivar owpa. ‘Eyouue Aowndv:
2+’ =p =
2?2 + 9% = 0(modp) <
(zy™")? +1=0(modp),

f av Véooupe, 2yt = w, w? +1 = O(modp) # téhoc
w? = ~1(modp).
‘Eva np®to Yépa elvar 1o €€nc:

EPQTHMA Trdpyet ototyelo w € Zj, 1010 WOTE
w? = —1(modp);

Kou ndh n andvinon etvon «vony xat Yo 1o anodet&ouye
QPECWS TWEA YPMOWLOTOIOVTAS, WETUEY JAA®V, Xal TO
Yewpnua tou Wilson:

O p eivon g woppnic 4k + 1, dpa p— 1 = 4k xou pT_l = 2k:
Ané o Yedpnuo tou Wilson éyouvpe (p—1)! = -1(modp)
xat, eneldn ot apipol 1,2,...,p—1, elvon avd duo avtidetol,

UTOPOUUE VoL YPAPOUUE:

p-1p+1 2m p_12 p_12
12— —...(p-1)=(-1 1.2..—)"=(1.2...—
S = e Iy - . B
doo

(122712 _ i (modp)

‘Eyovuye, 101, npoywerioetl apxetd. Eidaye o1t undpyet
€VoC TOUAGYLOTOV W € Zy TETOOS KOTE w2+l = 0(modp).

M xar 10 (Zp, +,.) €lvar oopa, 0 w Yo Ypdpeton 6TnV
wopwh Ty~ ondte n mponyoluevn oyéon Vo yodpetu

(my71)2 +1=0(modp)

2% + 4% = 0(modp)

x2+y2:np ue neN



And ta Budpopa x,y TOU IXAVOTolo0Y TNV TEAEUTAUN AUTH
oy€omn LTdEYOLY BUO “APXETA WXpPd WOTE 1 oYéon aUTYH Vo
woyvet pe n = 1. H andvinon eivar xon ndht «vauy (ofjuepa
elvan 1 Tuyept] pac Nuépa) ahhd Eyete Aiyn vmogovy yatl
n anddelln dev eivon mohd evxohrn. Xpewdlovtow duo Afu-
poto: €va tou I'eppavo’ Johann Peter Gustav Lejeune
Dirichlet (1805-1859) xou éva tou NopBnyol Axel Thue
(1863-1922) (nohd wpaio xat o dLO)

Johann Peter Gustav Lejeune Dirichlet (1805-1859)

AAupor 1 (Dirichlet). Ia kdle € € R ka1 kdde H > 1
undpyovr a € N ka1 b e N téroon dote va wyvovr: b < H

Kai ‘—bH)

Oa to0 ocrcoBsiEoup.s Ayo mo 81w ahhd tpwto Yo dodye m-
w¢ To ypnotpwonoinoe o Axel Thue yio va anodeiet 1o 8ixd
TOU Afjuud, To onolo odNyel auéowe xou aTNY AnddEE NG
TEOTACNE TOL UAG EVOLUPEREL EDW.

Axel Thue (1863-1922)

Ao 2 (Thue)(ua dwatdnwon) Eotw p évas puoikds
ap1Ouog ya tov omoio vrdpyel x TéTolo hoTe

2% = ~1(modp)

2 2

Oa vrdpyovy ToTe aképaiot u ka1 v TETol HOTE U+ v =p

ATIOAEIEH TOY AHMMATOE TOY THUE ®cx scpapp.éooup.s
t0 Afupa tou Dirichlet ye H = \/p xou § = 2. Oa undp-
youv a € Z xa b € N tétolol wote va Loxuouv b<.\/p

%—a| \/_ f |bz —ap| < \/_ f wéhog |bx —ap| < \/p
Oétoupe tHpa u = |bx —ap| , v =b xou éyouvue

u2+v2=|bx—ap|2+b2:

pdeids

b2z? + a%p? — 2bzap + b? =

b?(2% + 1)(modp) = 0(modp)

(Yupndeize 6t 2® = —1(modp)). Exionc u < /p xou
v=>b</pdpu u? + 02 < p+p=2p. Me Ayo Aoy o
u? +v? elvor TOMATAGOI0 TOU P X0 WXPHTEPOS TOL 2p dpal
tehxd u? +v? = p ; ‘Etot howmdy, xdde npdtog aprdude p
e poppnc 4k+1, ypdgpetar wg dlpotopo SUO TETEAYWVMV.

Edxola thpa xatahiyovue 6to € ouunépaoua:

e Ot povadixol puoxol axépotol Tou BEV YPAPOVTAL 1S
dipolopa BLO TETPAYWVWY Elvol aUTOL TWV OTolwY 1|
AVIAUGT] TOUS GE YIVOUEVO TPOTOY TAUPAYOVIWY TER-
€yet Evay TouAdytoTov mapdyovia Tng wopenc 4k+3
o€ TEPLTTO exVET.

Ou anodeilovye apéows xar Aupa tou Dirichlet dote va
unv uetvel xavéva oxotewvd onueio. AMOAEIZH TOY AHM-
MATOS TOT DIRICHLET ©O¢touye

N=[H]+1

([H] o axépouo uépoc tou H) xar Yewpolye touc N ot
mAfdoc axépatoug :

Ofa 157 253"'7(N_ 1)5
xadog xar toug N + 1 oe mhRdog aprduoic:
Ap = 0¢ - [0€]
Ay =16 - [1€]
Ag =26 - [2¢]
= (N-1DE-[(N-1)¢]
%ol
1

Or aprdpofl autol avihxouv, éhot, oto didotnua [0,1], dpa,
av ywpioovye 10 [0,1] o N vrodaotipata uixoue 1/N
duo ToLAdyloTOV ambd autolg Vo avAxouv oTo (Bl uT-
odidotnpa Av ot duo autol aptdpol eivon ot A — [AE] xau
KE — [KE] pe A <k < N =1 da éyoupe Vétovtac b=k — A
o a = [KE] = [A]

0<b<N-1=[H]+1-1=[H]<H

ol

|%—Mﬂ—@6{&Ms%

1 k€ = [KE] = (A = [AED)| < 1 téhog [bE —al < § < 5
YHMEIOSH: To Mjupa tou Dirichlet eivon mohd yevixd xau
Va 1o ypnowonoioouye xot aAlov!



