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H ouvoptnowaxy eiowon tou Cauchy

N.E. Mavgoytdvvng

1 a(B+y)=aB+ay

Ané ta mpwta mpdypata mou podaivouue oto mawdid.  Axpoy-
wviaiog AMdoc tng ‘AhyeBpac. Yrdpyouv xou edxola TeElGTIXG
ETUYELENUOTA YOl U TO, TOUALYLOTOV GTNV TERITTWOT TOL €Y OUUE
puotxolc aptiuoic:

Fay=a(p+y)

B Y

O

 RIGn

H empepioting w61omtor plldvel YEpd 0TO HUOAG TGV TALBLDY.
Téco mou 6tay €xouv Vo AVTWETOTIGOUY GUVAPTHCELS, AEXETY
ané autd, eivon mtpdduua va yeddouy

flx+y)=[f(z)+ () (1)
I Tov amAolotato Adyo 6TL BAETOLY TNV CUVAETNCT CoY KCUV-

teheoty. Ta pepuxole podntée malpvel apxetd xoupd péyplc
6ToL VoL avTIANgUoly 6Tl autopaTiopol Tou TOnou:

np(x +y) = np (x) +nu(y)

N

logy (v +y) = log, a +log, 3

oev etvon emtpentol. Puoxd umdpyouv cuvapthoel f Tou N
(1) wyder yio bha o ,y. Eivon ou ouvopthoeic e popgh-
¢ f(x) = Az agol v wa Tétol ouVEETNOY PuUOKE Loy VEL
flat+y) =Az+y) = x4+ y=f(z)+ f(y). Toepdrnpo
elvar ebhoyo: Trdpyouv GAReS;

1. ProsLive. Deéterminer la fonction o(z), de
mantcre qu'elle reste continue entre devr limites
réelles quelconques de lu variable z, ¢t que l'on ait
pour toutes les valeurs reelles des varviables = et y

(1) ?(e+y)=2(2)+(y)

H Brotdnwon tou npoPfiiuatoc and tov Cauchy oto épyo Tou

«Modruata Avddvone e [loAvteyvixric Xyolic. Mépoc I. AdyeBoixn
AvdAvony mou e&eddin to 1821.

2 H ciiowon f(x+y)=f(z)+ f(y)

To npéPhnua tne ebpeong ulag ouvdptnone mou  va
wavorotel Ty oyéon (1) (Snhodr pioc cuvdptnong yia Ty omol-
o N (1) andeder yio yioo xdde x, y) anacydinoe yioe TOAOUS
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Aoyoue (Oewpior EuBadol, Mnyovixy) , Oewplo IIrdovothtemv)
Toug ponuoatixole KoM and tov 180 awdva. Metalld GAhwv
xan toug K.F. Gauss, A.M. Legendre. Xto npéBAnua pog o
dyvwotog dev elvar xdmotog aprdudg odkd plor cuvdptnon. Ta
aut6 ellomoel; oav TNy (1) émou {nreiton wlo cuvdpTnon mou vo
wavorolel xdmota doveloo oyéorn Aéyovial CLUVAETNOLAXES
elocmoeig.

Augustin-Louis Cauchy (1789-1857)
O A.L Cauchy €hvoe tny e€lowon otny eldxn neplntwon 6mou 1)

ouvdptnon f ebvar cuveync. o Tov Adyo autd 1 cuYHEXOIIEVT,
ocuvopTnoloxy| e€lowon gépel To dvopa Tou.

3  Mepuxd BrApata yia TNV enihvor tng edicw-
ons f(z+y)=/f(2)+f(y)

Ac Bdolue, mepinov, ta mpodto PrAUaTo TS TEOGEYYIONS TOU
Cauchy. ITpwto o’ 6ha éyovue f(0+ 0) = f(0) xou emopéveg
f(0) + f(0) = £(0) Snrodr
f(0)=0 (2)

Agot f(0) = 0eivon f(z+(—z)) = 0 ondte xau f(x)+f(—x) =
0 dnhadri:

f(=z) = —f(z) v x&de x (3)
"Eyouue Tt

fletz)=f(z)+f(x)=2f(2)

flotota)=f(o+@+a)=F@)+f(@+a)=f @)+
2f (z) = 3f(x) xou yewxd vy v = 1,2, 3... elvar wvta
flvx) = vf(z). AN xon yio v = 0 wylel f(vz) = vf(x)
agoV f(0z) = f(0) = 0 = 0f(x). Av tdpa ndpoupe tov v
vau ebvon Oyt puoxdE aptioe AN xEToL0g aEVNTIXOS UXEEALOG
161t 0 —v evon Quowde. Apa f(—vx) = —vf(x). ‘Opwc
ebvon f(—ve) = f(—(vx)) =@3) —f(ve). Auvtd onpaiver 6Tt
—flvx) = —vf(z) dnhadf néh f(rz) = vf(z). Enopévec
gyoupe OTL

(4)
Av topa ot oyéon (7) Vécoupe oty Vdon tou = 0 L Vo
éyoupe 6L wyler f(vL) = vf (%) mou pog odnyel otny
f (@) =vf (%) xu enopéver

f(vx) = vf(r) yio xdde axépato v xon yio xdde x

1
f (%) = ;f(x) yioe xdde oxépono v # 0 xon yioe xdde & (5)



Téhoc av oty ¥on tou = oty (5) Yooupe 6mouv x 10
HT PE To 1 va ebvan €vog OTOLOGONTOTE aXEPAOg EYOUNE OTL

f(8) = Lf(uz). Opwc f(pz) = pf (@) xu enopévec
f(Bz) = LF (). A& xdde pnroc g pmopel var ypopel g

TnAixo 80 axepalwy dnhadh vor tdpel T wopyn £ ue toug p, v
va glvon axépanot. ‘Apo €youvue 6T

flgx) = ¢f(z) yio xdde pned g xou v x&de =

‘Etot and v oyéon (6) éxoupe yio nopdderypa 6Tt f (2\/5) =
2f (\/i); / (*%W) = *%f(ﬂ)a f (2734 X %) =2,34x f (%)

4 H =\xoln nepintwon: Aouviebouvpe wo6VO pe
enTolg aptduoiq

Av pac evbiégege 1 cUVARTNON HAC VoL «TPOPOBOTE(TOLY UOVO
and pntolc oprdpole dnhady va €xel, Omwe Aéue, medlo oplo-
pol Toug entolc aptipole téte 1 oyeon (6) uac diver KON TV
andvTno yio To mowa unopel va etvon f. O€houpe to f(x) %o o
x elvan xdmotog pntés. Mnopolue oty (6) va xdvoupe Tic e€hc
OV TIXOTUO TAOELG:

TeWV: ¢
l

peTd: T

—

‘Etot da éyovpe v woétnra f (z-1) = xf (1) mou ypdgeton
xou f () = f(1)x. Anhadh yio vo pddoupe v f ho xu 6ho
nov ypealdpaote elvar va Eépoupe Tou A = f (1). Ko o tOnocg
e f da elvon amhovoTatog:

fx) = Af(x) v xéde pntd x (7)

Anhody) €xel anoderydel ) tedtaon:

ITpbtaocm 4.1 O pdves ovvaptioes f @ Q — Q yu g
onoles wxver f(x+y) = f(z) + f(y) ya dka ta z,y € R
ewvar o1 ouvaptijoes tng popeiis f(x) = Az émov A € Q ota-
Uepds.

Kdrde emhoyn tou A odnyel xou oe pioa Aoon tng cuvaptnot-
axfic eéioworng tou Cauchy ndvta BéBoua ye v unddeon 6T
doukevouue 6To cUVoro Q TV EnT®V dnhadh ebvar f: Q — Q.
Av yenowonowicouue to cuvndopévo chotnua a€dvwy yio va
XAVOUUE TIC YRUPIXES TORUCTACELS UEPLXWY U6 TIC CUVAPTHOELS
e (7) D éxoupe o oyfuo:

I'Me autéd to Déua Yo acyorndodue oe enduevo eiAAO Tou «Exdétny

Yxedidoape tic euleleg YOOUUES DIUXEXOUEVES VIOl TOV ATAG AO-
yo 6t Aeimouy onueio. Agold Sovielouye pe pntole aprduole
Yo Aeinouv 6oa onuela avixouy otig eudeleg xou dev €youv cuv-
Tetayuéveg pntolg aprdpolc. T mapddetypo 1 ypapuxr napdo-
taom e f (z) = S nepiéyeton ohdxhen oty evdela pe elicw-
ony = 3z aAhd to onueio A (\/i, %\/ﬁ) Tou avrixel otny eudeia
Bev avrixel 0Ty YpaPxy TopdoTacT TN cuvdeTnong. Xenot-
UOTIOLNOOUE DLUXEXOUUEVES YRoUUES ooy Wla Tpoeldomoinoy 6Tl
Aeinouv onueta. To onuelo mou Aelmouv dev Aelnouv e tov
TE6TO Tou dlaxdmTovTal oL Ypoupés.  Aev umdpyel XovEvag
TEOTOC VO OYEBIACOVPE UOVO To OTNueiol TOU UTdEYOLY OTNY
yeagu) mopdotaon. O Adyog eivan amhdc: Ot pntol xou ol
dpentot apriuol etvar TOAG «umheyuévoly uetald toug. AV xou
ot deltepol ebvan TeploodTEpOL amd Toug TEhTouc! eviolTolc o
enrol avoxateovTal adldAAELTTA UE TOUS dppnTous. ‘Onwe Aéue
70 G0VOAO TWV PNTOV elval TUXVE uéoa 0To OUVOAO TWV TPaY-
poteedy. Autéd onuobvar 6TL Loy et

ITedtaocm 4.2 Metad 6o omowvdnmote mpaypatikdy api-
Juar o < B vrdpyer ndvtote évag pntos apruds.

Aev Yo dwoouye anddellrn autrc tne mpodtaong. Xeewolduaote
xdmoleg Bacxéc YVWOELS VLol TO GUVONO TWV TROYUOTIXWY pl-
Yuwv R nou dev elvan npdbogopec. Mropolue duwe va dkoouue
évar hoywd emiyelpnua uép TS Loyvog g tpotaong. Mowdlet
ue amoBelEn ahhd dev elvon BLOTL XA XATOLO TPOTO UTEXPEVYEL
plyvovtag o Bdpog ota Sexadxnd avoantiyuota. Ag dodue uévo
v meplntworn 6mou ot apwuol a, [ elvar Yetxol. Metd ol
dhheg mepintoelg avtipetonilovton edxoia. Ot aprduol a, 8
oty dexadixy| Toug mapdotact Yo £Youv TNV Hopen

a = Qp, X1 a(3...

B = Bo, B1B2083..

6mou

2Yreviupilovpe 6Ti éva ouyxexpévo eldoc enavddndne eivon exeivo mou Eexwpilel TouC pNTOLE amd TOLC GPENTOoLC: AV oTNY YEAH XEmolou dptL-
Yol urdpyet plo oepd Pnplov tov and éva onuelo xou wetd enavehopBdvetoar (tepiodoc) t6te 0 aprdpde avtdc Yo elvor pntdc. Av dev vmdpyet elvon

dopntoc. O aprdude 23, 4556023 789 789 789 789 ... eivau pntoéc. O 56,123 0 0 0 0 O
—~— —~

elvoe dppnroc.

.. exione. O apdpde 12,101001000100001000001...
—

3Tévtwe av 9éhape Vo avTioToLy{GOUuUE Xt oe aLTH TNV YpapR xdnot aprdud autds Yo Rtav o 5, 235000....



® oL g, B etvar puolxol aprduol xar SNAGVOUY TIC aXEQUES
povédec mov €yxouv ou «, B (Aéyovton xou axéeaia uéen
ToUG 0AAG T dev Va pag ypeetooVel)

® oL aq, a9, 3, ... X B, B2, B3.. elvon aprdpol and to 0
gwc 10 9 xou UTOdNAGVOLY Tor dexadd Yngpio. Mnogel
T dexaded Pneplo vo tekerdvouy. Tote Ya Yewpolue ot
Tar udhoinor dexadixd Pnelor ebvon 0. Aeydpoote dTL Tt
Bexddixd Ynelo Vo elvon mévta dnetpa enavahopBovoye-
v 1 un? ahhd omoxhetoupe plor ouyxexpyévy eppdvion:
Aev deybuaocte ond xdmolo onpeio xou PETA Vo UTdp-
Youv dmelpor dexadd ¢meio mouv va elvon 6ha 9. Etou
5 =1,2500000..., 2 = 2,0000..., 2 = 0,6666.... Anevay-

tlag dev deybuaote TV Yeupt 5, 23499999.... 3.
Tapo agol etvan
o = ap, a10203... < = o, 515203..

xdmou ot dvo apriuol Yo dlapopomolodvTal UE TEOTO OTE VAl
elvon o B peyahltepog Tou . Autd unopel va yiver ye mtohhoig
TeoéTouE. Ac pmolue 6Tov %x6To Vo Ypdouue yepixole:

o Na elvar ap < By xau o undroina Pnela Tou axoroudoly
VoL elvol ool ToTE.

o Nu elvar ag = fo, o1 < f1 %o to0 undrowna Pnela Tou
axolouBoby va elvon onoladhmote.

e Nu elvou ag = (g, a1 = (1, ag < [o %ol To UTOAOLTAL
nola Tou axohoudolv va elvar onotadrnote.

e Na eivan ag = fp, a1 = (1, s = B2, ag < (B3 xou ta
unéhoina Pnela Tou axoloudolv va elvor OTOLBNTOTE.

Ac dolpe topa oty TEHTN neplntwor yiatl undpyel pNToC
peto€l v a, B, Eivan ag < Fo. Ildue ota Sexodixd ¢meplo
tou a. ‘Eyouue ocupgwvhoel o6tL dev Yo ebvar and xdmolo onueio
xa et ohat o Ymeplar 9. ‘Apa 0 a Ho Exel xdmolo dexadnd Y-
¢lo mou dev elvon 9. Ilafpvouue to «TEMOTO byt EVVLEY BeXAUBLXS
dnoio Touv o xou to aArdLoupe xdvovtag to 9. To undhoina Y-
pla Tor ahhdloupe oe 0. Bynuatiletan évag véog apriude ac tov
noVue g. Eivou tepuatiloyevog dpa entog, eivon peyolitepog
Tou o xou elvon PxedTEROS Tou (.

Ac nepdooupe otny debtepn neplntwon. Tdpa o o, B Exouy Tig
(Bieg axéponeg wovadeg xau dapépouy ota déxata. Epyalduaote
onwe pwv. Kdmowo and ta dnela aga... dev etvan 9. Iaipvouue
70 TpwTo 1oV cuvavtdpe. To oAldloupe oe 9 xan ta Pnepla Tou
a mou oxohovdoiv ta yupiloupe oe 0. TIdh €youpe éva pntd ¢
MEYAAUTERO TOU & AAAG xpdTEPO TOu [3.

Etvon avepd 6Tl autr) 1 Soukeld pmopel va yiver oe dheg Tig
nepintoelg. Idvta Aowndv Yo undpyet pntdg ¢ uetadd TV o
xau O.

To yeyovog 6t yetalld 0o mpaypatix®y Peloxeton ndvta €vag
eNTOC UepXES Popéc pac Balel ot punelddec (ndvime npdxeLtal
yior unehddec mou ebvon oryamntol otoug padnuatixoie). Iwe
Yo oy 1 ypopin napdotaon T Tapandte cuvdpTtnong (Tou
Myetow xou cuvdpTtnor tou Dirichlet);

1 , z€Q

‘Eva pépog g ypapunic mapdotacng Yo Beloxetoan otny eudela
y =1 xou éva pépoc otov dZova 'z. Eivar we edv doa onuela
Tou &'T €youv TETUNUEVN ENTO oErdud vor avudiivovton xata 1
povddo xou tar dANa onuela vor tapapévouy oty Yéon Toug:

Av ot ouvdpTtnon tou Dirichlet douketope uévo ue pntoig Ja
elyaue oav yeagpuxy napdotaon éva uépog g evldelag y = 1.
Yuyxexpuuéva o elyoue exelva o onuela tne evdeiog mou €youy
TETUNUEVT) pNTd apLdud.

53 H mo SVoxoln nepintworn: AoLAsOOULUE Qe
npayatixoLs aptdumoia

Eidaue (BA. (7)) éteivan f(x) = Af(x) v x&de pnté x dnou
A = f(1). Enopéve o0 onpela e ypopixhc Topdotaons
e f avtioTolyoly o pntolc apliuole Yo avixouy oty gu-
delo y = Az. To onuela autd o €youv TETUNUEVN OTWOOY-
note pNntéd apudud. o v tetayuévn dev Eépoupe tinote yiatl
agol thpa éxoupe f iR — R xaw o A = f (1) ynopel va eivon
entég ahhd pmopel vo ebvan xou dpenrog. Tu yivetan duwe pe ta
onuela g ypapuic mapdotaong T f mou €youv TeTayUévn
dpento aptiud; B avixouy xou autd oty ¥y = Ax; O Cauchy
anédelée OTL oV AMUTHCOVUE ETUTAEOY 1) CUVAETNOT HAG VoL Elvor
ouvey”Ns TOTE xou Ta Ghha onpeior dSnAadY| exelvo Ye TETUN-
uévn dpento aprdud dev pmopolv va Ee@iyouv and v evldeia
y = Az: Oa avixouv oe autnv. H cuvéyeia nailel dnwe Ja
dolue xou mo xdtw Baocwxd pébho. H ocuvdptnor tou Dirich-
let Sev elvan cuveyrc: Av Htav agol maipvel Ti¢ Tiwée 0 xon 1
Bo mdipel xon Ohec TiC evdidueoces. Autd and to Yewpnua NG
evdidpeonc Tiwhc. Anhodr Yo mpénel var méipet xon TNV T 3
xoL TNV % xth. ANAG Suwg oL povee Tuég mou makpver etvon 0
xou 1. Atomo. "Apa Sev elvan ouveyrc. Emotpépoviag otny
ouvdpTnon uoc ac anodeléoupe 6TL av N f elvon cuveyrc tote
Yo oyler f(x) = Az y dhec Tc mpoypotinée TWEC Tou T
entéc 1 dppnrec. H oamddeln nou Yo dwoouye elvar Slapope-
T and exelvn mou apyd €dwoe o Cauchy. Mag eivan apxetd
vo e€aopaiioovpe ot v dhot T & € R ebvan f (z) — Az = 0.
Ovoudlovpe g (z) = f (z) — Az. H g ebvan ouveyhc ouvdptnon
apol elval Blapopd BUO GUVEYKOY GUVIETACEWY. ©OFElouue va
arodei&oupe 6t ebvan g () = 0 vy 6t To . Ac vnodécoupe
6TL L6 dev Loy Vet Tote Yo undpyel xdmolog Tg TOU TO YAAJEL.
Anhodn woyler g (zo) # 0. Téte to g (x0) agou dev eivon undév
Yo etvan Jeted 1 apyntnog apripog. Ag urnodéoouue 6t elvor
Hetinde. H emyeipnuatoroyla yio oapvntind ebvan 1 (Bl Agou
n g ebvar cuveytrc Yo etvan

(®)

lim g () = g (z0) >0

r—Xo

H (8) poc Aéet xdmt nopoamdve and to 61 10 g (o) elvon Fetind.
Moc Aéet 6t 10 ogelhel xou to g (x) va eivar Yetixd oe Tiwéc



CYELTOVIXECY TOU Tg. Anhadn mpémel xou xovid oto zp va
nafpvel 1 g Yetxég Twée. Me dhha Aoyl G mpénel vor um-
Gpyet eva Sdotnua (o, B) mou Yo meplEyel To T o Yo xdde
x € (a, ) U (o, B) vaebvar g (z) > 0. Ma awtd poc odnyel oe
drono. Téoo to Sdotnua (o, 2o) 600 xou 10 (0, B) Vo MePLEYEL
entole aprdpoie (Yuundeite: n npdtaon 4.2 pac e€oopoilel ot
HETOED TWV a, zg Yo LTdpyEl xdmolog entoc aptdude. To (o
xou LETOED TV Zo, ). Kou og évar tétolo pnté ¢ 1 g ogeiiel va
undeviletan dnhady g (¢) = 0. Enopévec €xouue tnyv oxdhoudn
puvelogdeTonR

IIeoétacr 5.1 (CAUCHY) O1 pdves ouvexels ouvaptrioes

f iR = Ry ug onoles wyva f(x+y) = f(x)+ f(y) yua
Aa Ta z,y € R ewar o1 ovvaptrioes tns poperis f (z) = Az.

6 Mia eVIEA®G OYOAKYA AVILLETWHTLOY TOL VE-
paTog

Ou doVue LTS Popen doxnone Wwla mpayudteuon tou Yuatog
nou odnyel oty anodelln e npodtaong 7.1. Xenowonoiolv-
TOL OATMOXAELGTING YVOOELS TOU oy ohixol BiAlou xon amhodg TNy
BUOXOAY) BOVAELE TNV AVUAOUBAVEL, QPOVAS, VAL PECEL OE TEQEOC
éva ToAD Loyuped epyaielo: o ohoxhfpwpa. Tny cuyxexpévn
Goxnon v B1doxw oTo ENUVOANTTXE pordriuaTa xon €y Oi-
ATULOTAOOEL OTL APECEL XAl GTA TOUOLAL.

AsKHSH 1 Eotww f: R — R ouvveyric pe f(1) = A yie v
omola oy Vel

flx+y)=f(=)+f(y)

YL ONoL TOL T, Y
1. Na anodeilete 6t f (0) = 0.

2. Na anodetlete 6t yio xdde x, m € R woyleu:
T+m m
/ f(t)dt = +/ f(t)dt
T 0

3. No anodellete 6Tl 1) f elvon mapaywyiown.
4. No anodeillete 6t oylet f/ (z) = f/(1).
5. Na Beelte v f.
ArsH
1. To eldope xou mpwv: f(0) = f(040) = f(0) + f(0)

2. A TPOHOE @e)\oups vo. anodelfoupe bt fl+m f@)ydt=
—|— I 1 oodlvapa 6T f;+nlf(t) dt —
= f dt = O Ovopdloupe

Tr+m m
Fwwzf ﬂﬂﬁ—mﬂ@—A £ (t) dt

xou Y€hovue vo omodellouue OTL Yoo xdde m  elvou
F (m) =0. Ebvou

F(m) = [Jrwadt + [
Jo I

——fo dt+f“m F@)ydt —mf (x)— [ f(t)dt
and TNV onom gabveton otL 1 F ebvon mapaywylown
(mpocédte 6t N ueTofAnTA elvon n m) xou ebvau:

(Hydt — mf(x) —

= _(fox )/ + (f0x+nlf(t)dt>/ -

@) = (fo f )

£l - )~ fm) =

F (@) + £ (m)— F(x)— F (m) =0

Enopsqu n F ewvou otadepr]. T Bpo()ps, v otadepy,
T TS Olvoupe piot «eUXOANy ‘t!.p.'q oto m: 'am =0
evan F(0) = [T f(t)dt—0- f (x fo t)dt = 0. Apa
F (m) =0 vt 6ho T m.

B Tponos. Xto oloxhfpwua fl+m f(t) dt xdvoupe v
ohhayf) UETABANTAC t = u + =, dnAadh N VEo peTaBANTY
elvon 1 u xan €youpe:

/:erf(t)dt:/omf(u—i—x)du

H"

F(m)
mf
0

INNE
fom (u+z du—fo +f( ) du =
=" f du+f0 z)du =
=" f du+f() mduz
7f0 du+f0 ) du =
-y f( Vdu + f (x fo 1duf
_fo u) du+mf (z) = +ﬁ)

. Emiéyouvpe éva m  va elvon Bidgopo tou 0 xou

and TNV OY€cn TOU TEOMYOUUEVOU spco-cv’]poc'coq é-
youpe: f(z) = = (f;er f@ydt— " f dt) 67))\0187]
f () ( S g @ de+ 7 g de = [ f () d)

Emv Tapandve oyéon to 3’ uéhog omotpn{s-cou and mapay-
wylowee, wg mpog x, ouvapthoelg. Enopévwe xat to o
péhoc dnhadh 1 f () ebvan cuvdptnom Toapaywyiown.

. A Tpomos Zépouye 6L 1) f elvon noparywylowr. Emoteé-

poupe oTNY oyéon f;”m f@)ydt =mf(x)+ [ f(t)dt
xau moporywyiloupe cog npoc . Ou Bpolue (evdlauéone
veddope [T (#)dt = — [T f () dt + [ £ (1) d)
—f(z) + f(ac—i—m) = mf’ (z) xou snopsvwg mf' (x) =
f(m). ©érovtac m = 1 Beloxoupe 6u [/ (z) = f (1)

B Tronos Eépouue 6L 1 f elvon mapaywylown. Enouév-
¢ N mapdywyog e f oto Tuydy T undpyel. Ag exppd-
covue v f’ (x0) ye v BoRdew Tou opiopov. Efvou

f' (x0) = lim M: lim f(:cOJrh})L,f(xO)

T—T0o xr — Xo h—0

Mo v mepintwon poag émou €youpe mhnpopoplec yia
0 f(...4+..) (ot ¥éon v anocwmnTiXdy @avodeite
onoloucdhmoTe aptipolc) N SelTEEY EXPEUCT) TNG TOEOLY -
You umopel va pog mel neplocotepa Tedypate. Kou oautd
oot

(10+h) flxo) _

(10)+f(hh)*f(zo) f(0+h)—0

X0l ETOUEVKC:
[ (x0) = f(0)
Apa 6hec oL Tiwée TNE Tapaydyou TN f etvon uetagd Toug

logc apol Ohec eivon foec pe f7(0). Puoixd Vo toydeL xau
f(x) = f"(1) v xéde x.



5. Eldope oto mponyolpevo epdtnua 6t f' () = A émou
A = f'(0). Ohoxhinpdrvovtog xon ta 0o péhn Beloxoupe
s f(xz) = Az + k. To k unopolyue vo to Ppolue and
™y T e f oto 0 mou elvon, dmwe edaye, 0. Onodte
f(0)=X-0+4k dnhadf k = 0. Telxd éyovye bt

f(z) =Xz

7 Xopic TN cuvéyela TL yiveTou;

Méyer otiypnc €yxouye padel 6TL av €youpe ula cuvdpTnon
Tou va xavortotel T (1) téte av

o £yeL edlo oplopol o Q A

o £yeL edlo oplopol to R xau ebvan ouveyric

t6te Yo elvon e popyhc f (z) = Az ue to otadepd A va
elvon pNtoC oTNY TEAOTN TEPIMTWSET o TEAYUATIXOS OTNV
deltepn).

To epwtnua mou mpoxintel elva ebAoyo: Efvan anapattntn 1 un-
odeon tng ouveyelag. MrAnwe dnAady| ue dhho TedéTO UTopoLUE
va anodelloupe 6Tl f (x) = Az ywplc vo vrodéooupe bt n f
ouveyhc; MAroe 1 Widtnta (1) elvon apxeth yia vou poag odny-
oel oto ouunépaopa f () = Az; Anhadh phnwe 1 1 oyidc
e (1) autbuata eloopahiler xan Ty ouvéyelr; MAnwe o-
10 T€AOG - TENOG DEV UTAEYOLY ACLVEYEIC CUVIPTNOELC TTOU Val
xavomololy TNy (1); AUt To EpGdTNUN oV XAl AT OANOE TOUS
pordnuotixote dpynoe vo anovtndel. And to 1821 mou £lde 10
Pu¢ TNg dnpoaototnTag 1 anddellrn tou Cauchy népacoav apxetd
YOIl €w¢ OTOU 1 ardNUaTiXy) XOWOTNHTA VoL BOOCEL ATAVTNOY).
Do v axp(Bela 83! oy mpoywpercoudE og BIATUTOGOVUE XYM
w¢ oAALOE TNV TpdTooT 7.1.

Ilpétaocm 7.1 Mia ovvdptnon f : R — R ya tnv onoia
wyve f(zx+y) = f(x)+ f(y) ya Aa ta z,y € R Oa etvar
ouveYNS av Kkai évo av efvar Tng Hop@ns nopens f(x) = Ax.

Mio ocuvdptnon oplopévn oto R elvon ouveyhg ov  xou

uoévo av elvon cuveyfic oe xdde onuelo zo. Anhadv
lim f(z) = f(z0). Eivou oxpddc 10 Blo vo molpe 6T
T—XT0

lim (f (x) — f (zo)) = 0. Onwc enione to Bio eivar vor todye

T—TQ

preeis }Hmo (f(xo+h) — f(z0)) = 0. Autd xdvoviag v ahhayt
11—

x=x0+h. Ma f (zo +h)—f (xo) = f(xo)+ f(h)—f(x0) =
f(h). Enopévee da elvor 1151110 f(x) = f(xo) av xon pdvo av

elvon }hmof (h) =0. Ouwe 0 = f(0). Enoyévec:
11—

lim f(r)=f(n) & Im f(2) = f(0)  (9)

T—x0
H oyéon (9) gowvopevind omhf poc Aéel mor Yeydhn aiidela.
H f da elvon cuveyrc oe xdmolo onuelo av xou pévo av eivon
ouveyhc oto 0. Ilou onuaiver 6t Yo elvon cuveyrc oto 1 av
xon u6vo av elvon ouveyrc oto 0 mou Va woylel av xou uévo
av etvar cuveyhc oto onuelo 2. Me dAha Aoyl apxel vo elvor
ouveyfc oe éva onueio vl va ebvar ouveyrc mavtod. Ko av
anotdyel va ebvan ouveyic oe éva onuelo Yo amotOyel xou o€
onolodfrote dAho onueio. 'H dha ¥ timota Aowndv xou alet vo
TOL EMOVADLATUTIWCOVUE o€ Wla TpoTAoN:

IIpétaom 7.2 Mia ovvdptnon f : R — R ya v onoia
wyve f(x+y) = f(x)+ f(y) ya dha wa z,y € R Ja evar
OUVeEYNS av Kal Uovo av €lval ouvexris o€ éva anueio.

Aev E€poupe axdun oy UTHPYEL AOLUVEYTC CUVEETNOY] OPLo-
pévn oto R mou va wavoroel ty (1) odhd av undpyel Yo
mpénel va elvon movtol acuveyrc: Omolodhmote BLdcTnuo o
va gavtacPolue Yo TEENEL N YPupIXH TNE TAUPAOTAOY) OE AUTS
Vo unyv etvon ouveync ypouur. O meénel vor SlaxdmTeTOl TTAv-
toU. Kdt oav v cuvdptnon tou Dirichlet; ©a Sodpe! Ag
unotécouyue 6TL ula umdpyel uio aouveyfic ouvdptnor f oto R
mou va ixavorotel v (1). Kdmowo onuelo e ypagpuic e
napdotaong Cy, ofyoupa doa €xouy TeTunuUEVn pNTo, Vo ovix-
ouv oty evdelo y = Az pe A = f(1). AM& Yo undpyouy xou
onueta Tne Cr mov dev avixouy. Ilaipvouye to onueio A (1, )
TIOU Glyoupa AVAXEL GTNY Y = AT Xou Xdmolo and ta onueio TNg
Cy mou dev avixouv ac molue to B (t, f (t)). Ac dewprooupe
Thea T Stavbopota U = OA, v = OB. Enedn to i, ¥ dev
elvon cLYPUUUIXE UTOPOVKE YENOULOTOLWVTAS YROUUIX00E CUV-
Buaopole Toug va oynuaticoupe xdde didvuoua Tou emnédou.
Anhady v gddooupe, Eexwvovtag and 1o O oe xdde onpelo
Tou emnédou dlaviovtag pia andotacy xotd Ty dieduvor Tou
U xou UETE xatd TNy dievduvon tou ¥. Ag aoyohndolue pe
YEOUUIXO0S GUVBLOGHOU TOL EYOUV «XAAOVECY CUVTENECTES: %-
Ndopato axepalonv dnhady) pntovc. Me p, g € Q €youye:

pi+qi=p (LX) +q(t f(t) =
=p(LfL)+q(t,f(t) =
= (p-1+gt,pf (1) +qf () =néve e (6)
=@-1+q, f(p-1)+f(at)) =

=(p+qt, f(p+aqt)

Enopévee 10 mépog Tou pud + qU
M (p+qt, f (p+ qt)) nov avixer oty Cy.

elvar 10 omuelo




To cuunépacyo mou xoatahhEaue Exel wla pdhhov ampocdoxn
ouvéneta: Ag Blahé€oupe éva omolodrnote onuelo N tou emuné-
dou. Ac mdue va otodolpe 660 xovtd Yéhouvue oto N. Oyl
néavew oto N aAAd xovtd. Trdpyouv morhol tpdmolL var modue
Tt evvoolue xovta. o mopdderypa yéoo oe éva xUxAo TN
apeoxelog pac mou nepléyel o N:

=

N o€ éva Puxpd TETREAY®WVO oL Vo Tepléyel To Nt

N, Mo’ 6ho mou elvon xdmwe acuvAhoTo, o €va TAPUAANAS-
YOUUUO UE TAEVPEC TOPAAANAES TIPOG TOUS POPE(C TwV U Xou Ut

Omnowe eldaye oL Blavuouatixée axTivee TV xopupdY Tou Top-
aAAnhoypedpou uropolv va tpoxiouy we Yeouuixol cuvduas-
pol TV Twv U xou T.
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ON3 = 29U + yg’l_f

—

ON;

21U + y2U

o6mou oL 1, T2, Y1, Y2 Ebvar xatdhAnrol cuvieheotég.  Ou
Z1, T2, Y1, Y2 unopel va ebvar pntol 1 dppntol. ‘OTL duwe xou
av etvor o BéPRouo elvar 6Tt YeTadh TwV 1, T UTHPYEL XATOLOG
ENTOC P X PETOEY TWV Y1, Y2 UTAEYEL Xdmolog pNntoc ¢q. Autd
¢ ouVETEL NG TpdTaoNng 4.2.



T to népac Tou M tou Sraviouotog OM =
oo mpdryuoTaL:

pt+qU Yo Loy bouy

o Oa nepléyetal 6T0 TapaAANAGYEaupo N1 No N3Ny
o Ou avixel otny yeapuxr tapdotaon Cr tne f.

To N 1o dwhé€aye euelc. To mapahinidypaupo Ny NoN3 Ny
enfone. Ilou onualvel 6tL 660 xovTd Béhouye oe omolodnnote
onuelo Yo undipyel onuelo tTng Ypapixhc napdotaons tne f. Aéue
ot 1 Cy ebvan ohvoro muxvéd oTo eninedo. Anahady, oe Td
TEYVIXY YADOGOW, £YOUUE TNV TEOTAOT):

Ilpétaocm 7.3 Eoww n ovvdptnon f: R — R ya tny onoia
wyver f(x+y) = f(x)+ f(y) yudra ta z,y € R Ay n f bev
efvar ovvexns tote n ypagikn tns mapdotaon Cy eivar ovvodo
TUKVG 0T0 €mimedo.

ITwg Yo poldlet 1 Yoo mopdotoon Wwiag TE€Tolg cUVEETNoTN-
¢; 210 endpevo ayfuo aneixovilovtal ToANS TapaAANAGYEoUUL
onwe 10 N1 NaN3sNy. Méoo o xdlde éva and autd ogelhel )
Cy va €xel Toudylotov éva onueio. Kow av yivouv mié pixped 1
UTOYPEWOT| TTHPUUEVEL X.0.%

”/-Wf )
7

f"

4

Méoa oe xdde éva and autd ogeihel 1 Cy va €xel TOLAGYLOTOV
éva onuelo. Kou av yivouv méd muxpd n uroypéwor mapauével

x.0.x Anhadn n yeapixh napdotooy) wog tétolac f, av Bé-
Bouwo TE€TOLA OLVEETNON LURAEYEL, Vo ATAOVETUL GE 6AO
to eninedo, Ya unaivel oe xdde xOxho, TeETEAYWVO, TUPUAANAS-
Yoouuo. Oa poidlel pe pouvvtlotpa ahrd dev Ya yeplalel bho to
eninedo. EE dhhou wq ypapixn tapdotaoy cuvdptnong oe xdie
xatoxdpupn evdeio TN wopPhc = o ogellel vo evanolétel
axpBae éva onpeto. Ilpdxettan yia plo cuvdpTnom tokd Slapope-
T and autég mou E€pouue. Mio cuvdptnomn-tépag dnAodY.

8
8.1

YT rdpyovy TEPATAL;

MeyoarodvovToag Aiyo to Q. To Q (\/5)

Edoape 6t pla Moon tng cuvaptnotonrc e&lowong tou Cauchy
06710 VOO TV pNTAVY €xel plo eEEETIXd XA CUUTEPLPORT.
Aev &poupe duwe av Yo cuyfaivel To (Blo dtay nepdooupe and
Toug ENTOUC GTOUC TEAyUaTixole apttuols. Eneldy) o dpduog
and 10 Q oto R elvon peydroc (n avlpwrdtnra ypeedodnxe
audveg o va Eexadopioet oplopéva Bacind medypata Yo TNV
dopr; tou R) ac xdvoupe mpdTo Eva uxpd Briue.  BAua mou
unpge wdhhov duadpecto yia TNy oyohn twv IHudayopeiwy
otay emvoinxe 0 TEHOTOS YVWOTOC oTny lotopld AoOUUETEOS
dnhadh 0 V2: A eVoWUATAGOUPE GTOUC pRTolS aptduole Tov
V2. H evowudtwon yiveto pe mopduolo tpdmo e exsivov
NG PAVTUCTIXNS UOVADACS ¢ TTou odNYel GTOUC Wyadixolg opt-
Buove. T'vetan moAd amAd: Anogactlouvpe va cup@uAlwdodue
gE TNV 10€a OTL O V2 eivan évac apLiU6C TS oL GANOL Xol TOU
EMUTEETMOUYE VO CUVAVICTEAYEL UE Toug UTOAoLoug pntolg. M-
Topel vo PETéYEL 6TV EXTENEON TPdEewy oL omoleg duwe Va
eaxolouvdolyv va €youvv T Yvwotée pac Wiotntes. Mropel
vo. tolhamAaotdleton Ye entole, xou vo tpootideton e pntole.
Fefyopa-yeriyopa BAénouyue 6Tl oynuatilovion TapaoTIoELS TG
wopgric

a+BV2 ue a, f enrolc (10)
O nopactéoeic (10) ebvon mpoidvto alnheidpaone Tou V2 pe
Toug pntoug. Mmopolueva €youpe éva amhd xpLiThELO Ylol TO
néte dVo napastdoelc e wopehc (10) pog divouv tov (Blo cpl-
Yud: Ou elvou

a+BV2=d+V2ea—-d =
Av ouppel

\/5204

(5~ B) V2
— B # 0 Yo elvow

_ A
a-e nnAixo 800 pNTWV = pNTog

p =5
xou eneldn autd elvon advvato Yo elvon avaryxaotind 5
Tou o divel xou a — o’ = 0. Enopévac:

—8=0

a+B8V2=d+8V2ea=d xu =4 (11)

‘Evog aprdude tne poperic (10) Ya ebvon ioog pe 1o undév dnhadn
e tov 0 + 0v/2 uévo av a = = 0. Ltouc aprduoie (10) o 4
TpdEelc SlexmepatdvovTon EUXOAL:

L (a+8V2) & (o + 5'V2) = (a+a) & (B+ ) V2
2. (a+6v2) - (/+0V2) = (aa'+200) +
(af' + Ba’) V2
3 at+8vV2 (a+5\/§)(a/—ﬁl\/§) . (aa/—26ﬁ/)+(ﬁa’—aﬁ/)\/§
V2 (el VR) (o =BV2) ()2 =2(p")
aa’ =233’

CE —O(
@Z=2(3)2 T @227 >2f



Yty teheutaio oyéon oNpeLdoTe 6T Tapovouasthc o + 32
a+BV2
a'+6'V2
Tou onuaivel 6TL ToLAdYLIOTOY évae and toug o, [ Tpémel vo
elvon Sldpopog tou undevog. ‘Otav molhamiacidlovye xan di-
wpolyue pe o — B'v/2 Bupolye pe éva un undevixd aprdpé
ool TouldyloTov évag and toug of, —fF elvou Sudgpopog Tou
undevéc. Xto téhoc pével we mopovopacsthc o (of)? — 2(8')?
TOU oVOYXOOTIXA TRETEL Vau elvon BLdpopog tou pendevog. Kou
etvou! A6t av Aty pndév o v/2 Yo énpeme va ebvan pntéc. Y-
Gpyet éva TopadedeYUEVO GUUBOAO Yial TO GUVORO TWV ALY
(10): etvu w0 Q (v2). To Q Snhdvel mOU EMOUVATTOUYE, TO

oV *NdOUOTOG Tpénel va efvar SLdPopog Tou UNdevog

V2 1L emouvémtoupe xau 1 mopévedeon () dAGVEL Tov TpdTo
emoUvahne: yivovran ot 4 mpdZetc. To otvoho Q (v/2) ebvou pia
apriuntue] 6mwe 1o Q 1 to R 6mou unopolv va extehecdolyv
oL 4 npdeic ywplc vo ypewolel vo «Byolue é€wy (oto Z undp-
YOLV DlOLPECELC TTOU Pog «TETAvEY €Ew). Efvan plo and tic méd
anhéc aprduntixéc mou mepléyouv dppntoug aprduovc. Mdliota
av mpocéZoupe v (10) Brérouye 6Tt ta otoyeia Tou Q (v2)
napoaoxevdlovTon Pe plot amhh cuvtory: €vag enTog xou €vol pNTo
TOMNATAEGL0 Tou V2. ATAOC 1 docoloylo etvon exelvn mou B
apépel and aptdud oe aprdud. Lty ousia To douixd VA elvor
70 1 %ot 10 V2. T va éyoupe 10 a + 3v/2 axohovdolue Ty
docoloylo: o anb 10 1 xau B anéd 10 V2. Mdhota 1 oyéon
(11) poc Aéer ot Biec dooohoyiee odnyolv ot looug aprduoic
xan (oot apriuol €youy, anapartiTng, Ti¢ (Bleg docohoyleg.

8.2 H e&icwon tou Cauchy oo Q (v2).

T Yo ofwonve va €yovpe pla ouvdptnon f: Q (\/5) —Q (\/5)
yioe Ty ool woyVel f(x +y) = f (x) + f (y) v bk T 2, ;.
Ac xdvoupe pepuols unohoyiopotc. Eyoupe: f (o + ﬁﬁ) =
fla)+ f(BV2) = fla-1) + f(BV2) = af (1) + Bf (V2).
ITouv onuaiver 6t and v otiypn mou Zépoupe tic Tpée f (1)
xou f (\/5) Eepouye xou Vv f. Ipdypatt ag anogoascicouye auv-
Vofpeta oe T Téc Yo avtioTolyicovye o 1 xou /2 pnopolpe
vor prid€oupe v f. Ag molue mwe anogactlouvue va €xouue
f(1)=7rxu f (\/5) = s 6mou oL aptdpol 7, s elvan oToiyelo
tou Q (\/5) Téte unopolue va oploovpe v f xau ota hotnd
otouyela Tou Q (\/5) ¢ e€he:

f(a+ﬂ\/§> =ar+ fs
Auté v xdde a, . Amd v oTiyun mou €youue mdpel TIC

ATOPAOELG
\/§ — S

tote ) T e f oto o+ ﬁ\/§ e€apTdTol AMOXAELTTIXG ontd To!
a, B mou onpaivel 6Tt Tehxd eZaptdton amd Tov aprdud a+ Bv/2.
Av tdpa éxoupe B0 apriuolic T = a+ Bv2 xawy = o + V2
TotE

faty)=f((a+BvV2) + (o' +6V2)) =
=f(lat+a)+(B+)V2) = (ata)r+(B+5)s=

= (ar+fBs) + (&'r+f's) = [ (a+6V2) + [ (o + FV2) =
=f@)+ )

Eropévwe 1 f mou oploayue pe autd Tov TpdTo EXEL TNV LOLOTNTA

fx+y)=f(2)+ f(y).

1—r

Ac yivoupe b ouyxexpévol otic emhoyég poc. Ac aro-
pocicovye:
1-1 V2 ——V2
A¢ mdpoupe yio éa and v cuuneptpopd e f pe auTh TNV
emhoyn. O tOnog e etvou

f<a+ﬂ\/§) =a—[V2

s Ave=a € Qb f(z) =a =2z Anadfdtav n f
Togodotelton and pntolg divel onueio Tévew oty sudeia

y=u
e Avr=pV2pe f€Q ot f(z) = —fV2 = —x dnhodr
n f dlvan onuelo mévew oty ¥y = —2.

e Avr=a+av2éte f(z) = a— av2 tou onuaivel 6Tt

oe auTH TV elduef mepintoon evan f (z) = a — av2 =

_ _ (v)(ov)e

o(1-v2) = 55 0-V2) = oy~

(2v2 — 3) = onéte o0 avtioTorya onuelo avixouv oY
euldela y = (2\/_ — 3) T

B)émouye 6T oty mepintwon yog 1 Cp €xel onuela, xou Y-

lota dnelpa, oe xdde plo and Tic evdelec y = z, ¥y = —2,

y:(2\/_—3)ac.4

8.3 Anb6 w0 Q (\/5) oto R.

Enopévee oto Q (\/5) UTdEYOLY AUCELS TNG GUVIETNOLOXNAS
eglowone tou Caychy mou 1 ypagixy Toug Tapdotacy dev o-
noptiletan and cuveudelaxd onuela. To R elvan moAd mo mhol-
oo and o Q (\/5) Ko umopet autd mou oupBaivel oto Q (\/5)
vo unv oupPaivel xaw oto R, Ag dolue ndlL oS XoTAOXEVACUUE
Tic Moeg f g ouvaptnotaxrc e€lowone tou Cauchy oto
Q (\/5) Xenowonomooue o 1, V2 xou ddooue Tiéc pévo
oe autd. ‘Ola To dhha AAdav autépata. To 1, V2 éyouv
wlo onuavtind WetTor Kéde otoyeio tou Q (v2) ypdyeton
OOV YROUUIXOE CUVBUACHOS TOUC UE ENTOUS GUVTEAEGTESC XOTA
povodind tpémo a- 14 Bv/2. Av fitay Suvatd vo Eépoupe 6Tt uT-
dpyet éva chvoho TparypaTixy aptdudy B mou va Aettoupyel 6m-
o o {1, \/5} ONAadh xde mparyUaTiXog aptiuog VoL YedpeTo
WS YRUUUXOE GUVBLACUOE TETEPAOUEVWY To TAHYoC oToLyElwy
Tou B xatd povadind tpémo téte G unopovoaue vo undolue
TNV XATACKEVH TS f:

o Ou oplaye Vv [ onwe Véhovpe ota otouyeio tou B
dnhadr) Yo amogaciloue mowo Vo firav o f (b) Y b € B

n

> by 6mou

i=1

ci € Q xw b; € B Ya avrotoiyicovpe tov oprdud
n

f(x) = > b} 6mou b eivon o aprdudec otov onolo é-

i=1

YOULUE avTIoTiYoloeL To b; Tponyouuévee.

o Metd oe xdlde mpayuatixd apudud x =

o T va emPefoudoovye 6T dviwg oydel f(x+y) =
f(x) + f(y) ovyxevipdvoupe dha ta b Tou amontodv-
TOL YL VO EXPEOCVEL TO T W YPUUUAOS CUVBUAGUOS
otolyelwv Tou B xou Ao ta b mou ypedlovtan ylo TO Y.
Ta cuyxevtpwvouye oe éva GOvoho xa T optduolue. Ag
molue 6Tt Oha pali ebvon . to mARYoc. Ondte €youpe ta

4Tevixd unopet vo anodewydel 6Tt 1 Cy éxel dnepa onpeia oe xdde pia and tic dneipec to hidoc evdeiec e popphc ¥y = (p + q\/§> z 6oL oL p, q

’ , , . 2 2
elvor pntol mou txavorowoby Ty oyéon p° — 2¢° = 1.



n n
n- Ac molpe 6t @ = . b xouw y = Y Gb;.
i=1 i=1
Evdéyetan otny éxppacn Tou & va unv anoutodvtal OA To
bi. Aev newpdlet. Ta eupovilouvye amhd Ue CUVTENECTH

undév. T'ia Aéyoug opotlogopplac. Puoxd to (Blo toylel

xan e to y. Eyouue xou )\éps
z) = (Z (C’L + Cz) z)
=1

f(w+y)f(Zczb ¥
i=1 = 1

(cl+cl)bfzcibi+20ib; fx)+ f(y)

1 i=1 i=1
Av éyoupe éva cbvolro cav to B tdte elvon BERatov 6Tl To tépac
umdpyet: Alhéyoupe dVo atouyelo tne B ag to moldue by, by
(H B 9o éyel touhdytotov 80o otowyeia. Anédeln: ‘Aoxnom).
Opllovye v f ota undroina otoiyelor e B omwe Yéhoupe.
‘Ouwe 10 by 0 avuotolyicouye oTov €auTd TOL EVEH TO ba TO
avtiototyiloupe 60 2ba. Puowd 1 f avtiotoyel To 0 oto 0.
Yuvenog €youue tela onuelo g yeapuic Tapdotaong e f
o (0,0), (b1,b1), (ba,2bs) mou dev ebvon cuveudelaxd. Tépoc
rotmdy.

bi,ba, .oy b

™M=

2

9 Yrdpxer n B;

9.1 Bdoeic

Y0voha énwe N B Aéyovton Bdoeic tou R enil tou Q. Av xou
N oultnon umopel va yivel oe éval Tohd M6 yevixd mAalolo
(exelvo twv Slavuouatxdy yopewv) oc meptoptodolue oto Q
ot R. Bdion howdv tou R ent tou Q Aéyetan dnwe elnoye
éva. alvolo mpaypaTixwy apliumy B tétolo wote xdlde napory-
HoTeog oplUOC VoL YRAPETAL WS YRAUUUUOS CUVBLICHOS EVOC
nenepaouévou TAtoug otolyelwy tou B xatd yovadixd tpémo.
Ac unodéooupe 6 éyouye pla Bdon tou R ent tou Q (xou yio
vou uny emoavokouBdvoupe to Blo Yo Aéue amiog plo fdon tou
R). Mia ebxohn napotipnon eivar 6t 8e unopel o 0 vo avrixet
oty B. Av aviixe xau b ftav éva dAho otouyelo tng B tote
2b=1-0+2b »xou 2b = 3 -0+ 2b dnhadn Ya £youye dV0 YpuPES
Tou {Blou oToLyeElov WS YEoUUIXO) CUVBLACHOU GTOLYEIWY TN
B. Av topa ndpoupe éva nenepacyuévo tAndoc otolyelov touv B
TOTE HovéEVaL and auTd Be PTopel Vo Ypapel w¢ YRaUUXoS CUY-
Buacus Twv LToholnwy e enTolc cuvteieotéc. E&nynon: Av
vrotedel 6t b, by, b, ,, by, elvon otoryela e B xan cuyPoatvel
b=c1by + cabs + ... + ¢by, TOTE

b=0b+ c1by + cobs + ... + cbim
oA wou
b=1-b4+0-b14+0-bo+...4+0-bp,

Enopévwe 1o (Blo otoyeio ypdpeton e 800 TpdTOLC WS YEO-
pxde cuvduaoude otoyeiwy e B (dtono).

9.2 H %noapgn Bdoswyv

Ac mepdooupe thpa 6T0 Ep@TNUA TOU TITAOL AUTAHS TNS ToEO-
vedgpou: Trdpyet uia Bdon tou R eni tou Q; Ty andvinon
v €dwoe o Georg Hamel to 1904 oe wa epyaoio Tou mou
onpootebinxe to 1905. Now uTdpEyOLUY Yol ETOUEVKS UTHEYEL
xat to tépag. O Hamel oty anddeiln tou yenowponoinone to
axdroudo Yewpnua tou Ernst Zermelo:

Ieétacr 9.1 (Oedpnua Kainig Aidraéng) Kdide
ovrodo éyxer pia kalr) Sdraén.

To VYedpnuo pog Aéel 6T yia xdte obvoro X umdpyel uia oyéon
ohxic (Ypouuxic) Sudtaine < oto X (Snhady| pio avochootixd,
METOBATIX xoU OVTIOUUUETEIXH OYEomn WS Teog TNy omoia 800
onowdfnote otowyela tou X eivar cuyxpiowa) e T eTTAéOY

=WotnTa 6T (dde YN xevd unoctvoro Y tou X €yel mpodhto o-
Touyelo (dnhady) undpyet éva y € Y tétolo dote yio xdde dhho
otoiyelo ¥’ Tou Y vawoylel y < y') Iliow and v anhy Swatin-
wom tou Yewphpatoc (tou onolou 1 anddelln unopel vo Beedel
oyedév oe onowdhnote BiPrio Yewplog cuvérwy) xplBeta To
o&lwpo g emhoyhc Ye To onolo udhiota elvar loodivopo. To
o&lwpo g emhoyhe €xel xan avto Wia amhy dwotdnwon: Av
éyovue wla oxoyévela cUVOAWY Pnopolpe vo Stahé€oupe and
xade uéhog tne owoyévelag éva otolyelo. Ié tumixnd:

AZiwpa g Emloydc Av {Ai}, o, e plo pn xevid
oxoYEVeEld OUVOAWY TOTE UTdpyel oOvoro X xau uia
anewévion f: {A;},c; — X tétow dote f(A4;) = A;.
‘Eyouye Aotndyv to:
IMedétaocm 9.2 (Hamel). Trdpyer uia Bdon touv R eni tov Q.

H anédeln nmou axohouldel eivar moll xovtd oe exelvn tou
Hamel xou mpoépyeton and 1o PiAlo Oewplog XLuvorwy tou
Kamke (n npdtn éxdoon tou €yive to 1928, ypovind byt nohb
oxptd amd v dnuoaoieuon tou dpdpou tou Hamel). Oewpolye
0 R* = R—{0}. 'Eotw < pla xol 8idtoln oto R*. Me z € R*

Yo ypnouylonotolye tov axdrovdo cuufohioud:

S(z) ={teR*|t <z}

Georg Karl Wilhelm Hamel (1877-1954)

Ou oplooupe pia Bdon B xodopilovtac nold otoiyelo tou R*
avrixouv oty B. To R* éyel npidto otovyelo. Ac to nolye a.
To a va avixer oty B. Ac unodécouye tpo dTL €xouue xo-
Yoploel Mot and o ooyl Tou GuVeRouL S (T) avixouy oTNY



B. Tére elpaote o ¥éom va xadopicovue totar Yo avixel oty
B xou to x: Oplloupe t0 = var avixel otny B av dev elvon ypoy-
wuxde ouvbuaopde Twv oTolyelwy e B avixouy oto S (x). Me
auth) TNV dladixacio éyouue «oap®oely 6ha To otolyeio Tou R*
xadopllovtag mowd Yo avixouv B H uineg oyt Anhoady un-
Gpyouv otouyela tou R* mou €youv «Eepiyely xan Bev €youue
xadoploel yioawtd av avixouv oty oty B 1 6&; Ac unodé-
coupe TwS Tétola otolyelor undpyouv. Acg ovouydooupe Y 1o
obvoho toug. Autd Ya €xel we Tpog TNV dLdTaEn < éva TEWMTO
otoiyelo éotw b. Oa elvon BéBona a < y Y xdde y € Y. To b
elvon BlapopeTind and 1o a dBLoTL Yo To a €youpe NN xadopioel
ot avixel otny B. Enlong av oupPaiver yio xdnoto z € R* va
elvow < b t61€ Oe pnopel va ebvar £ € Y diéTL tote Vo Enpemne
b < x. Enopévec 1o obvoro S (b) = {t € R*|t < b} dev nepié-
YEL xavévo otolyelo Tou Y dpa mepiéyel anoxheloTind otouyela
yia Tor omolor €youue xadopioel av avixouvy oty B. Ma td1e
uropolpe va xadopicouye av 1o b avixon 1) éyL otnv B (dtomo).
MéypL otiyunc éxoupe oploel To ahvoho B alkd Bev €youue
eCaogaiioetl 6t ebvon Bdom. T var to amodetouue Yewpolue
x € R* xou mpénel va anodelEouye 6Tl YRAPETOL WS YRUUUIXOS
oLVBUCUOG oTolyElwY TN B xou udhiota xatd povadixd TedTo.
Ac Bet€ouye mpdTa OTL OVTWC YRAPETOL WS YRUUUNOS CLYBLAO-
uoc otouyelwv e B. Av elvau £ = a t61e . = 1-a. Av e
a < z tote Yewpolye 10 S (x). T'pdgetoan 0 T S YpoUUNOS
ouvduaopos otolyelwy e B mou avixouy oto S (z); Av «vauy
éyoupe tehedoel. Av Oyl t6te and tov TpdéTo oplopold tne B
10 = mpENeL vo avixel oty B ondte = 1 -z xou €youue TEAL
TENELWOEL.
Anodewvioupe téhog 6Tl 0 TPdTOC Ypapric EVOC oToLyElou Tou
r € R* wc ypopuixod cuvduaoupol otoiyeiwv e B elvan
povadixoc. Ac urodéooupe bt

T =c1by + oo + by, = b + o+ 00, (12)

elvon 800 Ypaée Tou T W YPAUUUXOU cLVBLACUOD oTouyEl-
wv e B, Trodétoupe, ywele PPN tng yevixdtnrag ot
by < by < ... < by xou b < by, < ... < b, pe Touc ouvte-
ANEGTEC €1,y ey Cpy €y oeny Oy VO EfVOL DldOPL TOU UNdEVOC.  Ag
unodéoovye bt by, # by Ny, b, < b,. Advovtoc vy (12)
w¢ mpog by, Peloxouue 6Tl t0 by €lvon Ypouuxdg GUVOLACUOS
TV b1y ey b1, U, o, DL, o omolol bpewe aviixouy oto S (by).
‘Atono and tov teéno xataoxevrc g B. Enopévee da el
vaw O, = by, Avayxoouxd Yo eivar ¢, = ¢, dlopopeTnd Y-
TOPOUUE TEAL Vol XaTIANEOLUE GTo dtono cuunépaoua 6Tl To by,
elvon Ypopxdg ouvduaouds atolyelwy tng B mou avixouy ato
S (bp). ANAG pe b), = by, ¢, = ¢, umopolue va dorypddouue
oty (12) ta ¢,bp, ¢, b;,. Enavahopfdvovtag tov culhoylopd
Yo Bpodye b, 1 = bp_1, ¢),_1 = Cp—1 %.0.X TOU TENXE YOS
odnyel ot0 cuunépaoua 6Tl oL yeaupxol cuvduacuol oto 0o
wEAN e (12) ebvan tautdonuo.

10 Ermueyopeva

Edaue 611 1 ouvaptnaloxt] e€lowaorn tou Cauchy éyel Moelg ye
TohO anhé timo, f(x) = ax, btav n f eivan ouveyhc. Emiong
av otneLydolue oto Yedpnuo xoAng didtaéne tou Zermelo y-
nopolue vo anodelfouue OTL €xel xou U cuveyels AOOEC TwWY
omolwy 1) yeapix| tapdotaoy eivar oOvoho Tuxvd oo eninedo.
To Yedenua e xohrig didtadng etvon Llood0vopo pe To aglwua
¢ emAoYHC To onolo dtav ety dn aviuetwnioTnxe pe duo-
motio and apxetolg poinuatixols. ‘Eyel anodeydel otu elvon
aveEdptnTo amd o umohoina afidpata TS Yewplog cUVOAWY.
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‘Onwe axpPcde 1o Euxheldeio Altnpa etvar aveZdptnto and to
unéroina ofioparta e Feoyetplag. Kdde yvwoth anddeln
umdpéne Bdong euniéxel pe tov éva 1) Tov dAho tedTo To Al
wuo TG emAoyRg xan efvon UTTHEELXT KoL OYL XUTACKEVAGTIXY,.
To Yedpnua touv Zermelo eyyudton yev v Omapén plog xohh-
¢ ddto€ng oto & € R* adAd xapplo tétolor didtaln dev elvon
yvwot. To autd oylel xou yia T un ouveyelc Aoelg g
ouvaptnotoxrg elowone tou Cauchy. I'vwpilouye 6t «ouv
avapeso pagy oahhd dev T yvweiloupe. Ano v anddelln tou
Hamel ot podnuatixol mpoondincav v napaxdudouy to ofie-
goL TNG EMAOYHAC 1 €V TAOT TEQINTAOCEL Vo xa}0plcouy «TtOG0Y
anéd to o&lwpa Tne emhoyrc amontelton yioo v unapén Bdoewy
o Yevr| TepinTwon.

Andreas R. Blass

Moéhc to 1984 o Andreas R. Blass édwoe v optotixn
andvtnon:  Anowtelton 6ho.  Luyxexpwéva onédelle 6t TO
Pewdpnua yioo Tnv Onoeéyn Bdoewy elvon 1loodivauo ye to aln-
goL TNS ETAOYHC.

Téhoc a€ilel va onuelwdel 6T 1 TEX VXY oL Yenoulorotinxe
otnv omodeldn tou Yewpruatog tou Hamelmou ebvan yve-
ot we pedodoc tou petomencpoouévou (tranfinite) oplopod
N xotaoxeunc éyel emdeyVel, otn pop@r mou moupouctdoinxe,
AATOLES HELTIXES Xou YLowTO T6 oy yeova BiBiia tny ¥étouy o
ulor el Slopopetixr Bdom.
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